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ABSTRACT

An internally consistent system of astrodynamic constants is derived based upon theoretical

coupling relationships and the most recent available experimental data. A previously existing

discrepancy in the value of the gravitational parameter of the earth (as derived by different

methods) has been eliminated. Likewise, several inconsistencies in the previously available

system of lunar constants have been removed.

A new method of determining the ratio of the masses of the Earth and Moon has been derived

and the results are in agreement with other determinations.

An error study of each constant is presented; both relative and absolute probable errors are
listed.
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GEORGE C. MARSHALL SPACE FLIGHT CENTER

MTP-P&VE-F-62-12

ON A CONSISTENT SYSTEM OF ASTRODYNAMIC CONSTANTS

By

Helmut G. L. Krause

SUMMARY

An internally consistent system of astrodynamic constants is derived based upon theoretical

coupling relationships and the most recent available experimental data. A previously existing

discrepancy in the value of the gravitational parameter of the earth (as derived by different

methods) has been eliminated. Likewise, several inconsistencies in the previously available

system of Iunar constants have been removed.

A new method of determining the ratio of the masses of the Earth and Moon has been derived

and the results are in agreement with other determinati ms.

An error study of each constant is presented; both relative and absolute probable errors are

listed.

The results of this study can be summarized in the following list of astrodynamic constants:



1. GENERALCONSTANTS

1. Newton'sgravitation constant:

G = 6.670 (1 +- 0.0007) x 10- 8 = (6.670 + 0.005) x 10- 8 cm 3 g- l s-2 (dyn cm 2 g- 2)

2. Velocity of light:

c=299792.5(1±3.3x 10 -¢) = 299 792. 5 ± 0.1 km/s

3. Solar parallax (Sun's equatorial horizontal parallax):

_o = 8--79414 (I i5.8 x i0-6) = 8:'79414 ± 0;'00005

4. Astronomical unit (mean Earth-Sun distance = R,/% sin 1"" ):

a. u. = 149598700 (1 ± 2.7 x 10 -6) = 149598700 _: 400 km

5. Light year (distance which light travels in a year = P c):

I. y. = 31 556 925.9747 c = (9.460 530 +-0.000 003) x 10 12 km= 63 239.39 + 0.I5 a. u.

6. Parsec (distance in which 1 a. u. appears as 1"' = 1 a. u./sin 1"'):

pc = 206 264.806247 a. u. = (3.085695 ± 0.000008) x 1013kin = 3.261 651 + 0.000008 1. y.

7. Light time for I a.u. :

r = a.u./c = 499.008 (1 ± 3.6 x 10 -s) = 499.008 ± 0.018 s

8. Constant of aberration:

K = 20:'4956 (1 _:3.5 x 10 -s) = 20:'4956 ± 0."0007

9. Obliquity of ecliptic

e = 23°27"8/'26 - 46:'844 T- 0."0060 T 2 + 0:'00183 T 3

cos e = 0.9173917 ; sin e = 0.3979855 (1900.0)

10. Newcomb's constant of precession (per tropical century) :

p = P o = 5493:'62-0:'00364T = (N+ 2:'96)*
COS 6

IL Luni-solar precession in 16ngitude:

P0 = Po + P, = 5039."804 + 05"4930 T- 0:'00004 T 2 = (N + 2'.'72)

* N refers to Newcomb's precessional data
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i2. Geodeticprecessionin longitude:

3 1."9188+ 0:'0002 = (N + 1:'92)p_ = _- (%/c) 2 n®=

13. Observed luni-solar precession in longitude:

= 5037:" 885 + 0:'4930 T- 0['00004 T u = (N + 0['80)
Pl = P0 - P a

14. Planetary precession in right ascension:

X =- m + n cot e = 12:'473 - 1."8870 T - 0:'00014 T 2 = (N + 0:'00)

15. General precession in longitude:

P = P 1 - X cos e = m cos e + n sin e = 5026:'44I + 2:'2229 T + 0:'00026 T 2=(N + 0:'80)

16. General precession in right ascension:

m=plcos_-X= 4609."236+ 2:'7945 T+0:'00012 T2= (N+ 0:'73)

= 307. s 2824 + 02 18630 + 02 000008 T 2 = (N + 0. s 0487)

17. GeneraI precession in declination:

n = Pl sin e = 2005."005- 0:'8533 T- 0:'00037 T 2= (N + 0.::32)

= 133Y 6670- 0." 05689 T- 0._ 000025 T2= (N+ 0Y 0213)

18. Mean siderial time rate (for 1950.0):

= 7.292 11585479× 10-Srad/s = 1.002737909294 d,/d (s,/s)

= 15.041 06863941 "/s (°/h) = 360.9856473460 °/d

2. EARTH CONSTANTS

19. Semi-major axis of the Earth's orbit:

ao= 149598700 (1 _+2.7 x 10-e) = 149598700± 400 km

20. Siderial mean orbital motion (for 1950.0):

n o = 0.9856091080 °/d = 0.041 067046 15 "/s (°/h)

= 1.9909865817 × 10 -7 rad/s



21. Mean orbital velocity:

v® = ao n o = 29784.90 (1 ± 2.7 × i0 -e) = 29784.90 _: 0.08 m/s

22. Mass ratio of the Sun to the Earth-Moon system:

Mo
v = - = 328898.6 (1 • 1.6x i0 -s) = 328898.6 ± 5.2

_e + Mo

23. Mass ratio of the Sun to the Earth:

u(I+K)= M_°
,_lo = 332 947.6 (I ±2.0× 10 -s)= 332 947.6+6.7

24. Gravitational parameter of the Earth:

#o = GM_ = 398606.4 (1 ± 1.23 x 10 -s) = 398606.4 + 4.9 kma/s 2

25. Mass:

1027M® = 5.9761 x 1027(1 ± 7.2 x 10 -4) = (5.9761 +- 0.0043) x g

26. Equatorial radius:

R, = 6378170 (1 ± 3.14x I0-6)= 6378170 ± 20 m

27. Polar radius:

R = 6356788 (1 + 3.70 x 10 -6) = 6356788 ± 24 m
P

28. Flattening (oblateness, ellipticity):

R,- R_
/ = R, =0.00335233(1+1.7x 10 -4 )=0.00335233±0.00000056= 1:(298.30 +0.05)

1-/=(1-e=)I/== (I +_2)-1/_ Rp/R,= 0.99664767 (I ± 5.6x 10 -7 )

29. First eccentricity of the meridian ellipse:

e = 0.08181333 + 0.00000680

e2 =/(2-/) = 0.00669342 + 0.000001 11

30. Second eccentricity of the meridian ellipse:

e = 0.082088 52 -+ 0.00000687

e 2
e = = = 0.006738 53 ± 0.000001 13

l_e t-

31. Mean radius:

R" = (2 R +R )/3=6371043(1+3.3x 10 -6 )=6371043+21m
• p
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32. Radius for geodetic latitude _0 = sift1 _/1/3 = 35°15"51:'8

R1 =6371083(1+3.3× 10 -6 )=6371083_'21m

33. Radius for geocentric latitude _ = sin-l_/1/3 = 35°15"51:'8

R 2 = 6371 019 (1 ± 3.3 × 10 -6 ) = 6371 019 ± 21m

34. Radius for sphere of same surface area:

Rs=6371041(1±3.3× 10-6)= 6371041+- 21m

35. Radius for sphere of same volume:

R v= 6371 035 (1 ± 3.3 × 10 -6 ) = 6371 035 "_ 21 m

36. Surface area:

i014 2S o = 5.100711 x (1 +_ 6.6 x 10 -6) = (5.100711 +__0.000034) x 10 _4 m

37. Volume:

V o = 1.083225 x 1021(1 +- 1.0x lO-S) = (1.083225 +- 0.000011) x 1021m 3

38. Mean density:

P-o =5"5170(1_:7"3x 10 -4): 5.5170 _: 0.0040 g/cm3

39. Angular velocity of the Earth's rotation:

f_ = 7.29211514646x 10-Srad/s = 1.00273781189i rot/d

= 15.041 067 17837 "'/Is (°/h) = 360.9856122808 °/d

40. Rotational velocity at the equator:

-6

_mR_=465.1035(1 ±3.2× 10 )= 465.1035±0.0015 m/s

41. Centrifugal acceleration at the equator:

2

f_ R = 0.03391588 (1± 3.2x 10 -6 )= 0.03391588±0.00000011 m/s 2

42. Centrifugal acceleration factor:

f_2 3
R. 3461.369 × 10-6(1 + 2.2 x 10 -s) = (3461.369 ± 0.076) x 10 -6

coo GM ° -



43. Oblateness coefficients of the Earth's potential:

] = 1 623.48 x 10- 6(1 ± 1.8 x 10- 4) = (1623.48 + 0.29) × 10- 6

6

K= _ D=8.85x 10 -_

2

]2 =-;_ J = I082.32 × 10-6(1 ± 1.8 x 10-4)= (1082.32 : 0.19) x 10 -6

4 8

]4 15 K- 35 D=-2.36x 10-6

44. Coefficients of the Earth's gravity formula:

-6 -6

fl = 5302.92 x 10 ; y =- 5.85 × I0

45. Mass of the Earth's atmosphere:

= _P0. S®= (10332.275 kg/m2) • S_
_| arm g

= 5.270195 x 10*s(1 +-6.6 × 10 -6 ) = (5.270195 ± 0.000035) x 10 is kg

46. Relative mass of the Earth's atmosphere:

A = Mat m /Mo= 0.881 88 × 10-6(1 ± 7.3 x 10 -4) = (0.881 88 ± 0.00064) x 10 -6

47. Gravity acceleration correction factor:

X = g,/(GM®/Rao) = 0.998 16566 (1 ± 4.0 x 10 -7 ) = 0.998 16566 +- 0.00000040

1
1 - X = A + _ - jr _ _ K = 1834.34 x 10 -6 (1 +--2.2 × 10 -4) = (1834.34 +- 0.40) x 10 -6

48. Gravity acceleration at the Earth's equator:

g, = 9.780362 (1 :i: 3.3 × 10 -6 ) = 9.780362 +_0.000032 m/s =

49. Dynamic oblateness:

C-A
H

C
- 3272.09 x 10 -s (1 ± 1.6 × 10 -4) = (3272.09 -t: 0.54) x 10 -6= 1/305.615 + 0.05

50. Moment of inertia parameter:

3 c ]
q-2 MR2-H-

_ e

0.49616 (1 -+ 3.4 x 10 -4) = 0.49616 +--0.00017

51. Dimensionless moments of inertia:

al e R2- = ]2 - = 0.32969±0.00011

C
= J2/H = 0.33077+_0.00011fro-z/-



52. Unit for the Earth's moments of inertia:

e 103s 4) I03s 2M_R 2 = 2.431I 4x (1+-7.3× 10- =(2.43114±0.0018)× kgm

53. Earth's moments of inertia:

A = 0.801 52 × 103s(1 ± 1.07 × I0 -3 ) = (0.801 52 +-0.00086) × 103Skg m 2

C = 0.80415 × 1038(1 ± 1.07 × 10 -3 ) =(0.80415 +- 0.00086) x 103Skg m 2

C-A = 2.6313 x 103s(1 + 9_i × 10 -4 ) = (2.6313 +-0.0024)x 103Skg m 2

54. Angular momentum:

= = 1033C _ 5.8640 × 1033(1 ± 1.07 x 10 -3) (5.8640 -+0.0063) x kg m2/s

55. Rotational energy:

1 1029 i020 m 2Cf_ 2 =2.1380× (I +-1.07× 10-3 ) =2.1380+0,0023) x kg /s2(joule)

56. CircuIar velocity at the Earth's equator:

vet r = _//zo/R. = 7905.404 (1 +_7.7 × 10 -6 ) = 7905.404 +-0.061 m/s

3. LUNAR CONSTANTS

57. Mean observed distance from the Earth:

T = 384402.0 (1 ± 2.6 × 10 -6 ) = 384402.0 +- 1.0 km

58. Relative mean lunar distance:

-6

?-, /Re = l/sin n, =60.26838(1+5.8×10 )=60.26838±0,00035

59. Constant part of the sine of the perturbed lunar parallax :

sin n,
n," - v - 3422."438 (i + 5.8× I0-6)= 3422"438 + 0."020

sin i "" -- -

60. Mean perturbed equatorial horizontal parallax:

rr, = 3422:'595 (1 +- 5.8 × 10 -6 ) = 3422:'595 + 0/'020

6i. Semi-major axis of the Moon' s orbit:

a, = 1.000907681 r7 = 384750.9 (1_+ 2.6 × 10-6)= 384750.9-+ 1.0 km

62. SideriaI mean orbital motion (for 1950.0):

n, = 13.176 358 2598 °/d=0.549014912685 "'/s (°/h)

= 2.661 699 407 99 × 10-6 rad/s



63. Mean orbital velocity:

v, =a t n,= 1024.091 (1+-2.9x 10 -6)= 1024.091±0.003m/s

64. Lunar inequaLity in the Moon's ecliptic longitude:

L = 6:'4439 (1 + 3.0 x 10 -4 ) = 6:'4439 -+ 0/'0019

65. Parallactic inequality in the Moon's ecliptic longitude:

P. = 124/'986 (1 ± 3.3 × 10 -s) = 124:"986 +- 0:'004

66. Mass ratio of the Earth to the Moon:

1/K = Me/M, = 81.250(i+_3.0x 10-4)=81.250±0.024

67. Mass ratio of the Earth-Moon system to the Earth:

l+g= (Me+M,)/M o = 1.0123077 (1+3.7x 10 .6 )= 1.0123077-+0.0000037

68. Gravitational parameter of the Moon:

_, = GMq = 4905.92 (1+-3A x 10-4)= 4905.92+-I.52 km3/s2

69. Mass:

Mt = 7.3552 x 102s (1 ± 1.02 x 10 -3 ) = (7.3552 +- 0.0075) x 10 2s g

70. Moon's semi-diameter at mean distance:

s t = 932f'72 (1 _+ 1.0 x 10 -4 ) = 932."72 +- 0"09

71. Relative radius of the visible disk of the Moon:

t¢= R I �Re= 0.2725289 (1 +- 1.0x 10-4)= 0.2725289-+ 0.0000273

72. Radius of the visible disk of the Moon:

b + c I738 236 (1 + 1.0 x 10- 4) = 1738 236 ± 174 m
Rt 2

73. Longest semi-axis directed to the Earth:

a= R, /0.9995918= 1738946 (1+ 1,07x 10-4)= 1738946-+ 186m

74. Medium semi-axis in orbitaI direction:

b= 0.9998116 a = 1738618 (1± 1.20x 10 -4 )= 1738618± 209m

75. Shortest semi-axis (rotational or polar radius):

c= 0.9993720 a= 1737854 (1+- 1.08x 10-4)= 1737854± 188m



76. Volume:

4 102s
V, = _- rr abc= 2.20086 × (1 -+ 3,35 x 10 -4) = (2.20086 +- 0.00074) × 102Scm s

77. Mean density:

fi't =3"3420(1 +-1.5x I0 -s)= 3.3420 _ 0.0050 g/cm s

78, Surface density:

p = 3.290 g/cm a
0

79. Central density:

pc =3.420 g/cm s

80. Inhomogenity factor of the Moon:

_. = 0.1991 (1 +- 5.0 x 10 -4) = 0.1991 _ 0.000I

81. Dimensionless moment of inertia parameters:

f=

C-B
C-A

- 0.70 (1 * 2.86x 10-2)= 0.70 +-0.02

C-B

C
- 0.0004395 (1 -+3.03 X 10 -a) = 0.0004395 -+ 0.0000133

= C- A 0.0006279 (1 ± 1.6 × 10-¢) = 0.0006279 + 0.0000010
C -

- 0.0001884 (1 -+6.85 x 10 -2) = 0.0001884 +- 0.0000129

3 C
2 M, a_ =0"5972(1+-5"0x10-4)=0"5972+0"0003g

3 C- 1/2 (A+ B)
] = -.2- M,a 2 = 0.0003187 (1 ± 1.38× 10 -2) = 0.0003187__+ 0.0000044

K -
3 B-A

2 ld_ a2
= 0.0001125 (1 * 6.84 x 10 -2 ) = 0.0001125 ± 0.0000077

= 0.0003750 (1 -+2.1 x 10 -s) = 0.0003750 .+-0.0000008

82. Dimensionless moment of inertia differences:

C-A
= 0.0002500 (1 +-2.1 x 10 -a) = 0.0002500 +-0.0000005

aTM,

C- B

m a-_,_-_r=0-0001750(I+- 3.09x 10 2)= 0.0001750+-0.0000054



82. Dimensionless moment of inertia differences (Continued):

0.0000750 (1 -+ 6.84 × 10- 2) = 0.0000750 +- 0.0000051

83. Dimensionless moments of inertia:

,4

?,I, a
--2- = 0.397877(1 + 5.0 × 10-4)= 0.397877 +- 0.00020

B - 0.397952.+_0.00020
M.a T =0"397952(I-+ 5:0× I0 4) =

C
= 0.398127(1 +- 5.0 x 10 -4) = 0.39812 7 +- 0.00020

a2-M,

84. Axial ratios of the Moon:

b - 1/1- _ =0.9998116(1+-1.3x 10-s) = 0.9998116 _+0.0000129
a - _/ l+y

c Jl _ 2._' = 0.9993720 (1 + 1.0 x 10 -6) = 0.9993 720 ± 0.0000010
_- = l+y

o =R,/a = _ -_-+ =0.9995918(I±7,0×10-6)=0.9995918± 0.0000070

85. Oblateness coefficients of the potential function of the Moon:

c - i/2 (A + B) 2
J_ = M, a 2 3 J

= 0.0002125± 0.0000029

(2) B - A 1

"12 =4 M,a 2 = _ K=0.0000188±0.0000013

86. Unit for the Moon's moments of inertia:

M, a2= 2.22416 x 1035(1±1.2x 10-3)= (2.22416 +-0.0027) x 10 as kgm 2

87. Moment of inertia differences:

1 2
C - (A + B) -_ 0.000473 x 10as(1 -+ 1.50 x 10 -2) = (0.000473 i 0.000007) x 10aSkg m

_ = = 103s 2B A 0.000167x 103S(l +-6.96x I0 -2) (0.000167+-0.000012) x kgm

88. Moon's moments of inertia:

= 1035 10as 2A 0.88494 x (1 ± 1.73 x 10 -3) = (0.88494 -+ 0.001 53) x kg m

= 103s 2n 0.88511 × (1 +- 1.73x 10 -3) = (0.88511 +_0.00153)x 103Skg m

103s lOSS 2C= 0.885 50x (1+- 1.73x lO-a) =(0.88550+-0.00153) x kgm

10



1. TIlE ASTRONOMICALUNIT ANDTHE SOLAR PARALLAX

The astronomical unit (A.U.), or the Earth's mean distance from the Sun, is connected with

the solar paralIax (n o) by the following relation (with R,= 6378.170 ± 0.020 km the equato-

rial radius of the Earth):

1A.U. =- .R _ R e _ 206264."806247 R,= 1315592000_+4000 (1)
sm no no_ sin 1" no" no"

Radio Observatory

Modern determinations of the solar parallax usually are included between the two values no =

8.*790 + 07001 (H. Spencer Jones, 1941) and no = 8:'79835 ± 0:'00039 (E. Rabe, 1949). The

8." 0."mean value of both determinations, no = 794 ± 002, has been accepted by C. W. Allen

(Ref. 1, p. 131) in his book on "Astrophysical Quantities" (1955). Exactly in the middle of

these two values are also the recently obtained data of radar echoes from Venus, which have a

considerably higher accuracy than previous determinations. Furthermore, agreement of the

different radio observatories is also very good, as shown in the following table:

r i

Author (Year) Ref. l Radar Frequency
Astronomical Unit

(M C/sec)

Millstone (Lincoln

Lab., M.I.T.)

Goldstone (J.P.L.)

JodrelI Bank (U. of

Manchester)

Moorestown (R.C.A.)

U.S.S.R.

Petrengill, Price
et. al. (1961)

Victor, Stevens and

Muhlemann (1961)

Thomson et. al.

(1961)

Maron et. al. (1961)

Kotehaikov (1961)

2

I

3

I
I

__1

Solar Parallax

(Ro= 6378.170km

440

2388

408

700

149 597 850 ± 400

149 598 845 _ 250

149601000 _ 5000

149 596 000

149 599 500 ± 800

8.*794191

8.*794132

8."79400 s

8_794299

8_794094

8179414 4

According to /_lewcomb and de Sitter the semimajor axis of the Earth's orbit around the Sun

is given by ao= i.000000236 + 0.000000004 A.U. (or approximately 35 km more than 1 A.U.).

Far practical purposes both distances will be assumed equal to

a® = 149598700 ± 400 = 149598700 (1 ± 2.7 x 10-6) km (_)

The corresponding solar parallax will be

R, 206 264."806 247 6378.170 ± 0.020 = 8."79414 + 0._00005
no - ao sin 1" - 149598700 + 400

(3)

Taking as best value for the light velocity the value determined by Froome (Ref. 4) in 1958:

c = 299792.5 -+ 0.I = 299792.5 (1± 3.3x I0-7)km/sec (4)

11



thelight-timeforunitdistance(1 A.U.) is therefore

a(t)
r 499.007 s ± 0.018 = 499.007 s (I

C

+ 3.6 × 10 "s) sec (5)

. DEFINITION OF TIME UNITS, MEAN ORBITAL MOTIONS,

AND ROTATIONAL ANGULAR VELOCITIES OF EARTH

AND MOON

There are three different times which are in use, namely, the Greenwich mean solar time or

universal time (U.T.), the Greenwich mean siderial time (G.M.S.T.) and the ephemeris time (E.T.)

or Newtonian time. Due to the variable rotation of the Earth, the mean solar time and the mean

siderial time do not have a constant rate. The observations are therefore functions of a variable

time, while the gravitational theories for the Sun and the planets use a uniform time. The ephe-

meris time, having a constant rate is defined by the orbital motion of the Earth as given by

Newcomb's Tables of the Sun. It is therefore necessary to apply corrections to our practical

determinations of time. In addition to the fluctuations and the tidal slowing down of the Earth's

rotation, the Moon also shows a real diminution in the angular mean motion which is not given by

Brown's lunar theory.

The correction to Newcomb's tabulated tropical mean longitude of the Sun (Ref. 5)

L o = 279 ° 41" 48:'04 + 129602768.'13 TE + 1:'089 T_ (6)

is, according to H. Spencer Jones (Ref. 6),

A?. o = + 1:'00 + 2."97 T + 1._23 T 2 + 0.0748 B (7)

when the observation times are in U.T. The time T is in Julian centuries of 36525 e counted

from 1900 Jan. 0, 12h U.T. (Greenwich mean noon) and B is the irregular fluctuation inthe Moon's

mean longitude in arc seconds (time of observation again expressed in U.T.). The Sun's tropical

mean longitude, Lo, increases at the rate of 1"" in 86400/(0.985647 3354 × 3600)= 24.349 48

sec, so that the correction to universal time, required to obtain ephemeris time is, according to

H. Clemence (Ref. 7),

A t = t E- tv= 24.34948 A L o =+ 24. s 349 + 72s. 318 T + 29.s950 T2+ 1.82134 B (8)

H. Spencer Jones gives for the irregular fluctuation (Ref. 6)

B = (L, ,ob..-- L, ,tabular) + 10."71 sin (140°0 T + 24097)-4."65 - 12."96 T- 5."22 T u (9)

The periodic terra is Brown's empirical term in his lunar theory. Therefore the correction to the

Moon's mean longitude, as given by Brown's Tables of the Motion of the Moon (Ref. 8), is

AL, _ L, ,obs.- Lt ,tabular = + 4.*65 + 12".'96 T + 5"22 T 2 + B - 10"71 sin (14070 T + 240?7)

(10)

in order to obtain the actual mean longitude determined by observations in U.T. In the time
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interval At = t E- tu

= 0.549016 522 H/sec)

ALt = 0.549 At= 13.368AL o =+ 13737 +39770 T + 16744 T2+ B (I1)

Therefore the correction to Brown's Tables is

AL_ -AL t =-8772 -26774 T-11.'22 T 2- 10771 sin (14030 T + 240.°7) (12)

when the observations are in ephemeris time. Brown's theory is now reduced to a gravitational

theory with the same measure of time as defined by Newcomb's Tables of the Sun. C1emence's

corrected value for the Moon's mean longitude (Ref. 7)

L, =270 ° 26"2:'99 + 1732564379. _31 TE-4708 T_+ 07 0068 T_ (13)

is used in the American Ephemeris and Nautical Almanac.

By means of equation (6) the tropical year, from mean equinox to mean equinox, thus has

the length

2n 1296000"× 36525 eE = 365.eE24219878 -0.eE000006138 T
Ptrop = _o - 1296027687 13 + 27178 T

= 365eE05 hE 48 mE 45. _E 9747 - 0. *E 5303 T = 31 5569253 E 9747 - 0. *E 5303 T (14)

the Moon's mean longitude increases by (n = 13.176 396 5268 x 3600/86400=

In 1957 the ephemeris second has been adopted as the fundamental invariable unit of time,

and it is the fraction 1/31 556925.9747 of the tropical year for 1900 Jan. 0, 12 h E.T. (Ref. 9)

The basis for all civil time-keeping is the universal time which is non-uniform. In practical

life, however, the difference between mean solar time and ephemeris time can be neglected be-

cause there is 1a = (1 ± 10-s) aE. To define universal time Newcomb introduced a fictitious

mean Sun which moves with the same constant siderial rate, in the equator, as the mean siderial

motion is for the true Sun, affected by aberration (20:'50) in the ecliptic. According to Newcomb,

the right ascension of the fictitious mean Sun is (neglecting nutation in right ascension)

R E = 279°41"27754 + 129602768713 TE + 1:394 T_

= 18 h 38m453836 + 8640184.*542 T E + 030929 TE2 (15)

Defining a point on the equator whose right ascension, measured from the mean equinox of date,

is

R v = 18h38m453 836+ 86401843 542 Tu+ 03 0929 Tv2 , (16)

and where R E differs from R v by 0.002738 At (see equation 8), the Greenwich hour angle
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rot (Rv) of the point whose right ascension is R v [equal to universal time (U.T.):t: 12h], in-

creased by the right ascension Rv, is the Greenwich hour angle, r_r(w), of the mean venal
equinox of date which is Greenwich mean siderial time, O_ . That is,

U.T. _+ 12 h + R v =rG_(Ru) + Ru = re, fTJ _- _ _ (17)

Adding the East longitude to both sides gives the local mean time on the left side of the equation

and the local mean siderial time on the right side, because

The time rate of the right ascension, given by differientation of equation (16), is

/?tr = 8640184.542 ÷ 0.1858 T o [sec/Jul. century]

= 129602768.13 ÷ 2.788 T o ["/Jul.century]

= 3548.3304074 + 0.000 076 33 Tv [ "/c_]

= 0.9856473354 + 2.1203 x 10 s T u [°/d], (18)

Adding to this the time rate of the hour angle, _:= 360 °/d = 1296000 "/d, the time rate of the
mean siderial time is then

_= = 1 299 548.330 4074 + 0.000 076 33 T [ "/d]

= 360.9856473354 + 2.1203× 10-s T [%'d]

= 15.04106863897 + 8.835 × 10-1°T ["/s or °/h]

= 1.002737909265 + 0.5890× 10-1°T [d*/d or s,/s]

= 7.29211585458 × 10-5+ 4.283× I0 -1sT [tad/s] (19)

This motion is the result of the spin of the Earth and the motion of the vernal equinox (pre-

cession). Because the latter motion takes place in the ecliptic the equatorial component or the

general precession in right ascension, m, must be used here. The mean angular velocity of the
Earth's rotation is, therefore,

fZ= = O= - m (20)

It is very probable that Newcomb's value for the general precession in longitude, p, must be

increased by Ap = + 0"80 per tropical century (see Part 9), thus

p = 5026.441 + 2.2229 T + 0.00026 T 2 [ "'/trop. century]

= 0.1376194 + 0.000060861 T + 0.712 x 10 -s T 2 ["/d]

= 0.00003822761 + 0.000000016906 T + 1.98× 10 -12T 2 [o/if] (21)
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Neglectingthe correctionin planetaryprecession(AX= 0) thecorrectionfor the general pre-

cession in right ascension would be Am = Ap . cos E = 0780 × 0.917 = + 0:'73. Thus,

m = 4609.236 + 2.7945 T + 0.000 12 T 2 ["/trop. century]

= 0.1261967 + 0.000076511 T + 0.33 x 10 -s T 2 [ "'/d']

=0.00003505464 + 0.000000021 253 T + 0.92× 10-12T 2 [°/d] (22)

The angular velocity of the Earth's rotation is, therefore,

f_m = I299 548.2042107- 0.000000 18 T[ "'/d]

= 360.9856122808 -0,0050× 10 -s T [°/d]

= 15.041 067 178 37-0.021x 10 -1° T["/s or °/h]

= 1.002 737 811 89I - 0.0014 x 10-x(_T [rot/d]

= 7.29211514646x 10 -s- 0.010× I0 -xs T[rad/s] (23)

Using equations (19) and (23) the following periods are obtained:

1. Mean solar day (culmination period of the mean Sun)

1e = 1.e_ 002737909265 + 0.d_ 589x 10 "1° T

=86636. _.55536050 + 0.'.0508896× 10 -4 T

=24h*03_.56. "* 55536050 + 0.% 0508896x 10 -4 T

= 1.r°t 002737811891 -0. r°t 0014 ×10 -1° T

= (1 + 10-8)eE (24)

2. Mean siderial day or mean equinoctial day (culmination period of the vernal equinox)

le, = 1°-0.e002730433586 -0. e587x 10 "1° T

0.e 997269566414 - 0.a 587 x 10-1°T

= 86164. _ 09053817 - 0." 0507168× 10-4T

= 23h56_ 04._ 090 53817 - 0.8 0507168 x 10 -4 T

1- m =(1-0.000000097108) '°t - 0._°t 589x 10 -1° T
=-6 y

= 0._°t 999 999 902 892-_°t 589× 10 -1° T (25)
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3. Periodof theEarth'srotation(culminationperiodof anequatorialstarwithoutpropermotion)

irot _ m 10_1o
= --_-= 1 + _ = 1.d° 000000097 108 + 0.a_ 589 X T

= 86400.*°00839013 + 0._'0508896 × 10 -4 T

= 1 a -0.e002730336743 + 0.e0014 x 10 -l° T

= i a - 235._ 901094 60 + 0._ 00012096 x 10 .4 T

= 0.d997269663257 + 0.'10014× 10 -1° T

= 86164. _ 09890540 + 0._ 0012096 x 10 -s T (26)

Because

or

1 a - la, = 236?*55536050 + 0._*0508896 x 10 "4 T

= 235._ 909 46183 +07 0507168 ×10 -4 T

! h- i h_ =9._.856473 =_ 829 561

the change of mean siderial time against mean solar time is 9._* 85647 in a mean solar hour and
9._ 829 56 in a mean siderial hour.

In order to apply Kepler's third law, the siderial mean angular motions of the Earth about
the Sun and the Moon about the Earth will be needed. Differentiation of equation (6) gives the

tropical mean motion of the Earth:

n o (trop.) = Lo = 129602 768.I3 + 2.178 7 [ "/jul. century]

= 3548.3304074 + 0.00005963 T ["/d']

= 0.9856473354 + 1.6564× 10 .8 T [°/d] (27)

Subtracting from this the general precession in longitude (equation 21) yields the siderial mean

motion of the Earth:

no (sid.)=/_o - P = 3548.1927880- 0.000001 23 T [ "'/d]

= 0.9856091078 -0.0342× 10 .8 T [°/d,]

= 0.04106704616-0.1424× 10-_°T ["/s]

= 1.9909865820 x 10 -7- 0.69037468 × 10 -16 T[rad/s] (28)

Differentiating equation (13) provides the tropical mean motion of the Moon:
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n, (trotx) = /_, = 1 732 564 379.31 - 8.16 T + 0.0204 T 2 [ "'/]ul. century]

=47435.0274965 -2.234x 10 .4 T+ 0.559× 10-6T 2 ["/if]

= 13.1763965268 -6.206× 10 -s T + 1.55 x 10-1°T 2 [°/d]

= 0.549016521950-2.586× 10-0 T +6.46× 10-roT 2 ["/s] (29)

and subtraction of the general precession in longitude, p, gives the siderial mean motion of the

Moon:

n, (sid.)=L, -p =47434.8898771-2.843x 10 -4T + 0.552x 10-6T2 ["/d]

= 13.1763582992 -7.897× 10 .8 T + 1.53x 10-1°T u [°/d]

= 0.549014929133-3.290×10 -8 T +6.38 xl0-mT2["/s]

= 2.66169948773 x 10 .6 - 1.595 x 10-13T +3.09 x10 -17T2[rad/s] (30)

Because the distance of the Earth to the Sun is now known more accurately than before, it

is possible to give the mean orbital velocity of the Earth about the Sun with high accuracy,

namely

v® = a® no = 29784.90 ± 0.08 [m/s] (31)

There are two constants connected with this velocity. Taking e = 0.01675 for the orbital eccen-

tricity of the Earth the value for the constant of aberration will be

K = vo/c = r n® = 20:" 4956 ± 0:'0007, (32)
Xfi--A'_-sin 1 "" _/1 - e 2 sin 1"

and using the formula of de Sitter (Ref. i0) the geodetic precession, due to the special theory of

relativity, is

3 3
Pa = "_ (%/c)2 n®= Y2- (K sin l" lX/'T-A-_-e2)=no = 1."9188 -+ 0."0002 (33)

3. THE LUNAR DISTANCE AND THE LUNAR PARALLAX

The mean observed distance. _. of the Moon from the Earth is connected with the mean per-

turbed lunar parallax, n, . and the constant re,' of the sine of the perturbed lunar parallax by the

following relation:

T, t 1

Ro - sin re, rt," sin 1""
(34)

Dividing both sides of the series development

1
= sin_ +-_- sin 3 _ +...
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bysin1" yields(becauserrI" = sin rrq /sin i ")

%" = rr," +-g-1 (rr_)3(sinl")2+ .... n," I 11+ _\r_ /

= rig" x 1.000045885 = n," + 0."I57 (35)

Newer determination s are

rr," = 3422:" 54
3422.526 +- 0.009

3422.419 ± 0.024
3422.493

rr, = 3422.70
3422.683 _: 0.009
3422.576 :L 0.024

3422.65O

(E.W. Brown, Ref. 8)

(W. deSitter, Ref. 10)
(H. Jeffreys, Ref. 11, p. 193)

(Herrick, Baker, Ref. 12)

Recent determinations of the mean lunar distance, 7f , by means of radar echoes to the Moon are
in very close agreement (see Reference i3). This value is giver* by

7w = 384402.0 + 1.0 = 384402.0(1 ± 2.6 x 10 .6 ) km (36)

thu s

384402.0 (1 +- 2.6 x 10 -6)

R, - 6378.170 (1 _+ 3.2 x 10 -6) =
60.26838 (1 -+ 5.8 × 10 -6) = 60.26838 _+0.00035

(37)

and

. sin rr, _ 206 264:" 806 247
rr4 = sin 7- (r, /Ro) = 3422:'438 ± 0:'020 (38)

= 3422."595 + 07"020 (39)

To obtain the semi-major axis, a, , it is necessary to add to the mean lunar distance the constant
part of the solar perturbations according to Brown's lunar theory. There is now

a, = 1.000907681 _ = 384750.9 -+ 1.0 km (40)

and the mean orbital velocity of the Moon about the Earth is

v t = a, n, = 1024.091 + 0.003 r_/s (41)

4. MASS RATIOS OF THE SUN AND THE EARTH-MOON SYSTEM

Taking the already given values for ao, n o (sid.), and a, , n, (sid.) then Kepler's third law

gives

n_ a_=G(Mo+Mo+M, ) = GM®(v +1)(1+_) (42)

n_ a, 3 = G (Mo + Mq ) = G Mo (I+K) (43)
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with

Mo M9
v - >> 1 ; K - << 1 (44)

Mo + M_ M •

Dividing the two equations yields

V

MO nO 2 a_ 3 = (. v o'}'(',_ I
: ,,_,, ] _-_-,)- .

= 328898.6 (1 -+ 1.6 x 10 s) = 328898.6 ± 5.2 (45)

This value is approximately in the middle between the value 329390 obtained by S. Newcomb

(Ref. 14), adopted by Am. Ephemeris, and the value 328 446 ± 43 determined by E. Rabe (Ref. 15).

The second equation gives

/,® (1 + ,<)= n =, a,a = v, = a, = 403 512:3 + 3.2 kma/sa (46)

which connects the gravitational parameter /_o= GM o for the Earth with K, the ratio of the Moon's

mass to the Earth's mass.

, THE CONSTANT OF LUNAR INEQUALITY AND THE

PARALLACTIC INEQUALITY IN MOON'S ECLIPTIC

LONGITUDE

The Parallactic Inequality in the Moon's ecliptic longitude is given by E. W. Brown's lunar

theory as follows

1/K- I _ (47)
1 - K _g_o.;_= (49853:'2 + I:" 2) 1/r + 1 a eP, = (49853."2 -+ 1:'2) I+K _r,

or with the newest data for the lunar distance and the astronomical unit

1/K-1
P, = (128:" 1005 + 0:" 0037) 1-]--_1 (48)

Newer determinations are:

P. = 124.."86 + 0:" 15 (J. Bauschinger, Ref. 16)
= 125.154 (E. W.Brown, Ref. 8)

= 124.93. (H. Battermann, Ref. 17)

= 124.969 ± 0.042 (D. Brouwer and O. B. Watts, Ref. 18)

On the other hand, the constant of Lunar Inequality is defined by W. deSitter (Ref. 10) as

L - I< no _ 206264--806247 _ _ 530:'0089 _ 0:'0028
I+K sm_r+ 1/K + 1 nl 1/K + 1

(49)
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Newcomb used the lunar inequality in the Sun's longitude which is, according to deSitter, L =

1.00450L. The ratio of P. and L, depending only on K, is

P,/L = 49853:'2 +- 1:'2
206 264.'" 806 247

(1/K - 1 ) = (0.241 695 ± 0.000 006) (I/K - 1) (50)

The mass ratio is therefore

I/K = (4.13744 4 + 0.00010) P* 530."0089 ± 0:'0028 _ 1 128:" 1005 + P,
- _+ 1 = L = 128:" 1005-P,

Observed values for the constant of Lunar Inequality are:

(51)

= 61"456 -+ 0:'012

6.414 ± 0.009

6. 4305 -+0.0031

6. 4390 -+0.0015

6. 450 ± 0.010

_. 4378 ± 0.0015

6.4356:1:0.0028

6.4428± 0.0014)

6. 4430 :_ 0.0017)

(Newcomb, Ref. 14) From observations of

(D. Gill, Ref. 19) "

(A.R. Hinks, Ref. 20) "

(rI. Spencer Jones, Ref.21) "

(Morgan and Scott, Ref. 22) ,,

(H. Jeffreys, Ref. 23) ,,

(E. Rabe, Ref. 15) "

(E. Delano, Ref. 24) "

Sun

Victoria

Eros (opp. of 1901)

Eros (opp. of 1931)

Sun

Eros (opp. of 1931)

Eros (opp. of 1931)

Eros (opp. of 1931)

The latest reevaluation of all Eros observations during the opposition of 1930/31 by E.

Delano (Ref. 24) gave

L = 6."4428 -+ 0:'0014

L = 6.4430 -+ 0.0017

(from right ascensions of Eros)

_from declinations of Eros)

Delano used the old value rro = 8:" 790 for the solar parallax and obtained therefore 1/K =

81.222 + 0. 027 and 81. 219 _+ 0. 030, respectively. With the newest values for no and n[ there is
now

re spectively.

1/K = 81.2637 and 1/K = 81.2612

6. ANOTttER METHOD FOR THE DETERMINATION OF TIlE

RATIO OF TIlE MASSES OF EARTH AND MOON

The mass of the Earth is given by

4 3
M® =-7-- rt R, (1 - f)p. (52)

where [ is the flattening (oblateness) and p_ is the mean density of the Earth. On the other

hand the mass of the triaxial figure of the Moon is given by

,_lt = _ rr a b c p, = "_ n" a3 a P* (53)
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Because the longest axis is always directed to the Earth (neglecting the small librations) and

can never be seen, the lunar radius of the visible disk is

RI = b+c _R' = 1 (b ac__)9. ; a -2- + = a (54)

That yields for the mass of the moon

4 (b/a)(c/a) ( 55)
M, - 3 rr R_ a3 P,

The mass ratio is therefore

l/K= M®/M,
= k_R, ] (b/a)(c/a) \ /Ip, (b/aXe/a) k 3

(56)

where

k R, sin s, sf s, - 0;'003 (57)
R _ sin rr, rr, rr,- 0""157

is given by the lunar parallax, q, and the apparent semi-diameter of the Moon, s, .

A reevaluation of Sir Harold Jeffrey's best data on the Moon's figure by the author gave

(see section 12)

b c

- 0.9998116 ; _ = 0.9993720 ; o = 0.9995918
a a

From the secular perturbations of artificial Earth satellites there follows as best value for the
Earth oblateness

1/[ = 298.30 ; 1-/ = 0.9966 4767

so that

1/K = 0.9962409 Po/P, (58)
k 3

Taking for the mean densities the well-known and frequently used values

Po = 5.517 ± 0.004 g/cra 3 (Hey1) ; p, = 3.342 +- 0.005 g/cm 3 (Jeffreys)

the density ratio, independent from the assumed value of the gravitational constant, G, becomes

P®/Pt = 1.6508. Therefore

1/K = 1.6446/k 3 (59)
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With rrf" = 3422--438 and various values for s, the following table is obtained

s_ k 1/K

932:" 58 (Newcomb, Ref. 25) 0.2724891 81.286

932.63 (American Ephem., Ref. 26) 0.2725 037 81.272

932.80 + 0.07 (Hirose & Manabe, Ref. 27) 0.2725 534 81.228

The American Ephemeris is using k = 0.2724 953, based on Brown's lunar parallax. The values

for 1/_ obtained in the previous paragraph are between the two latter values in this table. The

arithmetic mean of these two latter values will be taken as the presently best value, namely

1/K = M_ _ 81.250(1 ± 3 x 10 -4) = 81.250+ 0.024 (60)

and therefore

k - R--A-' = 0.2725289 ± 0.0000273 (61)
R

The last equation of paragraph 3 now gives

403 512.3

kto- GM® 1.0123077 -398606.4 ± 4.9 km3/sec u (62)

for the Earth, while, for the Moon,

/z t =- Gkt i =K/z o= 4905.92 +-1.52 km3/sec u (63)

7, GEODYNAMIC (TERRESTRIAL) RELATIONS

The surface of the Earth (geoid) can be approximated as the surface of an spheroid assumed

as an equipotential surface. The equation for the Earth's radius, as function of the latitude, is

then given by

where _o is the geodetic (geographic) latitude and ¢fi the geocentric latitude. They are related by

tan _= (I-[)_ tan ¢ =(1- e2) tan _0 (65)

where e = \/f (2 - D is the eccentricity of the meridian ellipse of the Earth. The equation of

the Earth-ellipsoid is obtained by setting K = 0. The maximum depression, - K R e, of the sphe-

roid from the ellipsoid is reached at the latitude 45 °. It will never be more than 5.17 m. For the

For the spheroid as equipotential surface there is

U GMII - 2 R(-_ 5 4 (___)4 ] 1 2= --if- _ / P2 (sinqS) + _- K P4 (sin 4)+"" + -_ ,f2 R2cos 26

: -E QY ,J 'G.4,t I.- _ I, R P, (sin@ + W- R2cos_@ =const. (66)
R n=2
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and the acceleration of gravity at this surface is

g = lgrad UI =g. [1+_ sin2 _°+ysir_ 2 q] =g.[1 +/_sin2¢+ (y+ _/) sin22 6] (67)

where fl is the angular velocity of the Earth's rotation, _ and y are constant gravity coefficients

and ]n or J and K are constant oblateness coefficients. These coefficients depend only on [,
K, and a parameter containing _ 2 (centrifugal force parameter). This latter parameter is a little

different in the various second-order theories which have been developed. Taking

= 7.292 115146 × 10 "s rad/sec

1/1 = 298.30 1 - [ = 0.996 647 670

G = 6.670 x 10-8cm3/(g sec 2) ; Pm= 5.517 g/cm 3 ; G Pm= 3.679839 x 10 -7 (68)

then the following parameters could be used

_2 R3 _2
_ = -- _

GM - 4/3n Gpm (I-[) =
0.003461 369 [Herrick, (Ref.12] (69)

_/2 R 3 _2
_P= .m

GM 4/3 n G p m
_c_(1-/) = 0.003449766 [Jeffreys, Ref. ll] (70)

8 8 K)= 0.003449 843 [deSitter,u(1-/+ 2/=- ? K)= +2/2- - R f.101
(71)

f_2 Re N g
- 16 l-A-N+] + 1/2 Km 3 2 3 [_+ Kg" I-A-T_+/+/ - 7 -7-

= 0.003467730 [Darwin, Ref.28; Helmert, Ref.29] (72)

where R v = R e (1 - /,)1/3 is the radius for a sphere of same volume as the Earth and RI =

R e (1 - I/3 [+ 5/9 [2_ 8/9K) is the mean radius for which P2 (sin 90)=0 or _ sin-l_,/l_=

35°15"51:'8. A = 0.88x 10 .6 is the mass of the Earth's atmosphere (expressed in mass of the

Earth) which does not contribute to the surface gravity of the Earth. Different assumptions have
been made for K. Bullard (Ref.30) found 10 s K = 0.68. This value was accepted later by tterrick,

Baker, and Hilton (Ref.12). On the other hand, deSitter found values of only 106 K = 0.47 to 0.52
and used the round mean value 106K = 0.50. The theoretical limits are according to deSitrer (Ref.

i31)

0 x< g,.< [N- _ {2= (3.62 - 2.81)x 10-6= 0.81x 10 -6 (73)

The different formula systems now yield
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1 1 2 i_ '4

i . 1 2 I 4

I.., i 2 i 4
:/_:_- 2 / + ?- f:1+'-_ K

1 I 2 1 /m + 3 mz 4
(74)

K= 6 D=3/2 15 24
7 - T f_ +T K

. 24= 3/ - /_'+ _-K

3/2 15 24= - -T -f_'* +-7- '<

24
15fro + K= 3/=- -7- T

15 _2 85 26 /_ + + ,<
,8::_-/-T W V

15 2 8
5 _,_ /._17 /._,+ "_" +

=T i7 W 7

8
5 _t-t- ::7f_,+:5-_ + K

=_ _ -7- 7

8
17 /m + K5 _-f- i7

i /2_ 5 f.__ 3,<

1 2 5
=_ f - _/_'- 7,,<

1 ix 5

1/2 5fro - 3K=_ -_

(75)

(76)

(77)

24



1
×_= g /fGM/R_o)=I-_-_+]+ _ K

3 [2 3 16= l-A- _- Z_+/+ - 7 /_ +-7- K

3 _, f2 27 , 16= I-A- T +/+ -T4 /_ +-7 -I<

3 2 27 16
= l-A- _ ,_, +[+/ - T_ [_' +-7 "

3 [2 27 [m + 9 m s 16 (78)
=l-A- _- m+[+ --_ _ +-_K

Using these equations and the above-given constants for the Earth then the following table
2 2 4 8

is obtainedwith J2 =_(C-A)/(MR.)=_ ]and I4-----f_K =--_D:

Coefficient

lO 6 ]
106 K

10 6

106y

X

_<=0

1623.48

8.85

1082.32

- 2.36

53O2.92

- 5.85

0.99816566

K=0.50x 10 -6

1623.77

10.56

I082.51

- 2.82

5303.49

- 7.35

0.99816680

K= 0.68x 10 -6

1623.87
11.18

1082.58

- 2.98

53O3.7O

- 7.89

0.9981 6721

The numerical values for 1J41 are a little higher than the values derived from the observed secu-

lar perturbations of artificial satellites. Thus the data for K = 0 will be used here.

The gravitational parameter of the Earth is now given by

4 R3 g_R_
/_e _- GMe = _ _Gpe (1-[) ..... 398606-4+4.9 km3/sec 2 (79)* X

which corresponds to IlK = 81.250.

_'= 0.998 165 66 that yields

4
Taking, furthermore, n = 4.i88 790 204; 1 - [ = 0.996647670;

go R_ =XB® -- 397875.2 +-4.9 km2/sec 2= 3.978752x 10 '4 m3/sec 2 (80)

and

go _

Re 3
rr (1 - [) XG Po = 4.167090090Gp. (81)
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or with G=6.670× 10 -scm 3/g-sec2

Pe = - 2.779 4-----5--
[.g/cm a] (82)

8. EXPERIMENTAL VALUES OF THE GRAVITATIONAL

ACCELERATION OF THE EARTH

The observed gravitational acceleration at the surface of the rotating Earth can be repre-

sented by the formula

g=g,[l+fl sin 2 _°+ysin 2 2 ¢ +Scos 2 _ cos 2(X-)to)] (83)

where X is the geographic longitude measured eastwards of Greenwich meridian. The first term

corresponds to a sphere. The next two terms give the contribution due to the oblateness of the

Earth spheroid, while the longitude term is due to the non-ellipticity of the equator when the

Earth is assumed as a triaxial figure. The longitude, )to, gives the direction of the longest semi-

axis of the equator. _ is connected with the difference B - A of the equatorial moments of inertia

or with the flattening, [,, of the equator by the relation

9 B-A 9 3

8- 4 ,_£ _= T Af.(2-f.) = g f. (84)

because the inhomogenity factor of the Earth is given by

A - c c _ 1 (85)
M,(a2+ b 2) - 2M, R 2 6

The most important determinations from gravity measurements since 1915 have been compiled in

a table on the following page.

AII these gravity measurements are still based on the standard gravity value of Potsdam
O *

(_0 = 52 ° 22." 86; A =+ 13 4. 06; h =87 ra)

g = 981.2740 gal

obtained by F. Kuhnen and Ph. Furtwangler (Ref. 43). It is necessary to revise the Potsdam

system. For the correction of the Potsdam value, the following data are given (Refs. 44 and 45):

P. R. Heyl and G. S. Cook (Wash. D.C.) : - 20

Bullard (Teddington, G. Brit.) :- 15

J. S. Clarke (Teddington, Gt. Brit.) :- 13

Ivanoff (Leningrad, U.S.S.R.) : - 4

P. R. Heyl

Bullard and Browne

Morelli (1954)

H. Jeffreys

Wollard

A, Berroth

MorelIi (1959)

:-15

:- 16

:- 16

:- 13.4

: - 14 to- 18

:- 12.5

: - 12.9

milligal,,,,,, }

II

l!

11

It

I!

II

11

according to absolute

gravity measurements

according to

reca icu lations
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Taking for go the latest determination of Heiskanen and Uotila (Ref. 42 ) which is nearly in

agreement with the average value of all determinations, and using the correction due to H.Jeffreys
(Ref.39) the following value is obtained

g, = 978.0496- 0.0134 = 978.0362 gal = 9.780362 m/sec 2 (86)

9. THE DYNAMIC OBLATENESS AND THE CONSTANTS

OF PRECESSION AND NUTATION

The dynamic flattening It = (C - A)/C is connected with Neweomb's constant of precession,

P, by the relation

P 94419319"" 1678932."29 for l/K= 81.250 (87)
_- =530977."04 + l/K+ 1

while the constant of nutation, N, is given by

N 252871" 231982"
cos _ 2820."45 for I/K = 81.250 (88)

"H" -- I/K+I I/K+ I

where cos ¢ = 0.917 3917 (for 1900.0) has been used for the cosine of the obliquity, c, of the

ecliptic. The constants in the equations are obtained from Brown's theory of the motion of the
Moon and are well known. Both equations yield

P
-- = 2.288872 (l/K+ 1)+ _07.01140= 595.271
N

for 1/K = 81.250

while observed modern values of P and N lead to

P 5493."62 596.614 and thus I/K - P/N 178.8218 = 81.84
_\' - 9."208 2.288 872

This value for 1/K is by far too large. It. Jeffreys (Ref. 39') has shown that in the equation for

the constant of nutation, N, another constant H" for the dynamic flattening must be used due to

the deviation of the Earth's interior from the isostatic equilibrium (H "< t[). Therefore _ can be

determined only from P and 1/K. With P0 = Po + P, , the lunisolar precession, p = 3_ __n , theg 2 c 2

geodetic precessio_ (a relativistic term due to W. deSitter), p, the general precession in longitude,

and h, the planetary precession in right ascension, Newcomb's precessional constant is

e - _ = _ +x (89)
COS _" COS f

Values for 1900.0 derived from observations are (for a tropical century)

P = 5490:'66 p= 5025:'641 _= 12:'473 pg = 0 (Newcomb & Andoyer, Ref. 46)
5493.156 +- 0.175 5026.000 12.493 1.915 (deSitter & Brouwer, Ref. 10)

5493.847 5026:" 650 12.469 1.921 (Clemence, Ref.7)

According to newer investigations, Newcomb's value of the general precession in longitude
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mustbe corrected by Ap = + 0:'75 (H. R. Morgan, Ref. 42), Ap = + 0:'71 (J. H. Oort, Ref. 48),

Ap = + 0:'86(Dirk Brouwer, Ref. 48), Ap = + 0."84 (Poulkovo Obs., Ref. 48). The average value

for the correction may be Ap = + 0."80. All these investigators take A_ = 0. In another paper,

J. H. Oort (1943, Ref. 49) takes A)_ = + 0:'02, a correction also used by deSitter. The correction

for P is therefore

AP- Ap+Ap_ +AA- 0:'80+ 1.92 +0.00=2:'96 (90)
cos _ 0.917 3917

The value

P = 5490_'66 + 2_'96 = 5493_'62 (91)

will be accepted here. The dynamic flattening is now

n - C - A 5493_" 62 - 0.003 272 09I = 1 (92)
C 1 678 932:'29 305.615 ± Q.05

and thus

3 C ] 0.496160 + 0.00017 (93)
q - 2 bl.R_ - H -

and

C ]2 = 0.330773 5:0.00011 (94)
mo R: = H

The quantity q may be calculated in another way. Clairant's theory for the Earth in hydro-

static equilibrium has been developed to the second order by Radau (Ref. 50), Callandreau (Ref.

51), and Darwin (Ref. 28). deSitter (Ref. 31) gives

3 C 1 2 l 2 ) _/l+r/lq =- 2 _R= -1- _ _,- 5 1- S / l+x: (95)

where

771 =

5 10 _,2 4 /2 6 [7_:-7-_1 +-7i-ol + :- - y-

5 /2 41-_ +7 '<

-- 2 (96)

and i + )'l is an average value of Radau's function, [ 07), depending on the internal density
distribution of the Earth. The most reliable value, i + )_1 = 1.00016, was derived by Bullard

(Ref. 30). With the above data for [ and _61 the above-mentioned equations give, for K = 0,

7: = 0.57440 ; q = 0.49815

C 2
M_ 3 q= 0.33210

o

29



These data are not compatible with the previously derived data (eqs. 93 and 94), showing that

the hypothesis of hydrostatic equilibrium is not fulfilled for the Earth.

10. DENSITY DISTRIBUTION WITHIN TIlE MOON

It is very difficult to derive a consistent system of lunar constants. Most reports on this

subject are based on the work of Sir Harold Jeffreys. However, not even this source is free

of inconsistencies. The reason is that many lunar constants are coupled with each other by rela-

tions. Therefore a systematic investigation of these relations will be necessary.

It is assumed that the density p within the Moon is constant over concentric ellipsoidal

shells

e M _C 2
+ b 2 + c 2 = /_ (97)

where # varies from 0 at the center to lat the surface, and where

_:/a = #cos 4' cos 0

77/b = # cos _ sin 0

£/c = t_ sin

(98)

are the relative coordinates of the mass element

dm =p(#) d_: d_ 7 d£=p(/_) abc# u cos_dgdc_dO (99)

The angle _5 is the lunicentric latitude and 0 the longitude, a is the longest semi-axis of the

surface ellipsoid pointing toward the Earth, b the smallest semi-axis in the lunar equator, and c

the rotational or polar semi-axis.

Using equations (98) and (99) after observing that

sin20 dO= cos20 dO= n; ] cos 3 _ d_ = _ J-m2
,a, 0 ,,s_ rr/2

the moments of inertia around the a, b, c axes, respectively, become

S"A = ( _72 + £5) dra = _,3| (b2+ c 2 )

0

I M ,B= (£2+ _:2) dm =XM (c + a 2)

O

C= (_:2+ _/2) dm = X31 (a s b 2+ ) (100)

where the integrations are taken from 0 to 277 with respect to 0, from - n/2 to lr/2 with respect to

and from 0 to 1 with respect to #. In the last equation M = 4/3 rrabcpm is the total mass

(Pro is the mean density) and the inhomogenity factor, X, is given by

f' f0'ptt4dl _ P_ dl_

0
X -

(lOl)
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Because a > b> c, there is A ( B < C. A constant density model gives ;_=1/5= 0.2. For

Jeffreys compressional model with constant bulk modulus (Ref. 52 ) Roche's density law [with

Pm= 3.342 g/cm 3 (mean density), P0 = 3.290 g/cm 3 (surface density) and Pc = 3.420 g/cm 3 (cen-

tral density)] becomes

P=Pc - (pc-po)/z2 = 3.420-0.130/2 [g/cm 3] (lO2)

The inhomogenity factor is, therefore,

5 5
1 Pc- "y (P_-Po) 1 Pc- ff'(Pc -Po) 0.9955

5 Pm 5 3 5
Pc- TCPc - Po )

= 0.'1991 _ 0.000i (103)

i1. CONSTANTS OF THE PHYSICAL LIBRATION OF THE MOON

The values of /._ C- B and the inclination of the Moon's equator to the ecliptic can be
C-A

determined from observations of the physical libration of the Moon. Due to the difficulty of

observations near the irregular limb of varied illumination the values for { scatter widely, as

can be seen from the following table (Refs. I1 and 13 ):

C-B
Author Year [ -= C- A

F. Hayn i907 0.75 ± 0.04

F. Hayn 0.85 ± 0.07

J. Stratton I909 0.50 ± 0.03
I. v. Belkovich 1936 0.84 _ 0.08
I. V. Belkovich 1949 0.67 ± 0.03

K. Koziel 1949 0.71 + 0.051

K. Koziel 1949 0.60 ± 0.055

A.A. Nefedjev 1950 0.65 + 0.045
A.A. Yakovkin 1950 0.85 + 0.03

T. Weimer 1954 0.60

Mean Value 0.70 2

Sir Harold Jeffreys used [= 0.84 in his book The Earth (Ref. 11). Later he recommended [ = 0.67

(Ref. 53 ) and used /= 0.639 +- 0.014 in his latest paper (Ref.54).

The secular motions of the perigee and node of the lunar orbit are also influenced by the

Moon's oblateness coefficients (L and K). From Jeffreys equation for the perigee motion follows

(Ref. 11 ):

380L- 1192 K= 6.420- 3896]® g 0
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and thus

K 380 812

[= l--L-- >/ 1 1192 = 1192 - 0.6812

The mean value of the table is consistent with this lower limit for [ and therefore

[ = 0.70-+ 0.02 (104)

will be adopted in this paper.

A new investigation of the libration of the Moon's axis by H. Jeffreys (Ref. 54 ) leads to

C-A

_q = _ = 0.0006279 + 0.0000010 (105)

taking into account a solar effect not evaluated by Hayn,

The three quantities _,, f, and _q are sufficient to calculate all other quantities, provided the

mass and the mean radius of the Moon are known.

12. RELATIONS AND NUMERICAL VALUES FOR THE DIMENSIONLESS

MOMENT OF INERTIA PARAMETERS

The same symbols for moment of inertia parameters will be used as they have been intro-

duced mainly by H. Jeffreys (Ref. ii). The numerical values are based on the above-given

parameters _, [, and/_ ; namely

A B C

_.= M(bZ+c,) - M(c2+a 2) - M(aX+ b _)

C-B C-A C-B

M(b 2-c 2) -- 3f(a 2-c 2) _ M(b 2-c 2) - 0.1991 -+ 0.000I (106)

/ a C- B 2J-K ] - 1/2 K b2- c2
- /_- C-A- 2]+ K - L - a2-c2- 0.70 +- 0.02 (107)

/9 C- A ] + 1/2 K L _ a 2-c 2
C - g g a2 + b2= 0.0006279 -+ 0.0000010 (108)

The other parameters can be derived from these as follows:

y _ B- A K K a2- b 2 3A-K_ - 3A/g-1

1 [ - [q C-A - J + 1/2K = L- a2- c 2- L - i_

= 0.30 _: 0.02
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a

C-B
C

[B = ]- 1/2 K L- K b2 -c 2
g g a 2 + b 2 0.0004395 + 0.0000133

(11o)

K a2 - b2
=B-a=- =(1-fifl= _ = 0.0001884± 0.0000129g

(111)

3. C 3?, 3

g - 2 Ma--T'- l+y - 2

a 2 + b 2
k --_---- = 0.5972 ± 0.0003

a

(112)

3 C-A 1 3 a2-c 2L - 2 Ma2 J + 2 K =gB = k ai 0.0003750 ± 0.0000008

(113)

A+B
C

3 2 1 1+/ L- 1 1+/ K= 3
] - 2 Ma 2 - L- _- K 2 2 1-'/ ,_-A

a2+ b 2

a 2

c2

1 y) =g a+__.___ 1= g (/3 - _- 2 =g(a+ _- y)= 0.0003187s+ 0.0000044
(114)

3 B-A 3 a 2 -b 2
K 2 _a-lr =(1-/)L=gy =_- A _ = 0.0001125+0.0000077 (115)

The dimensionless moments of inertia and their differences are obtained from the above-men-

tioned data as:

a 2 _ c 2
C - A 2 2 ] + K A 0.000 2500 +--0.000 0005 (i 16)

Ma2 = _L - 3 a 2

-- b2_c 2
C B _ 2 /L = 21-K =X 0.0001750-+0.0000054 (117)
MaT _ --T-- a-_

B -A 2 2 a 2 -- b 2
M a2 =--_- (1-/)L= _- K =A --a2 =

0.000 0750 ± 0.000 0051 (118)

A

P,] a 2

2 2 b2+c 2

3 g (l-B)= _- (g-L) =A a2 0.3978 77 -+ 0.0002 (119)

B 2 2 0.3979s2 + 0.0002 (120)Ma2 - 3 g(1-a)= _ (g-/L)=h c2+ a2a2
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C 2 21 a2 + b2
- I - 0.3981 27 ± 0.0002 (I21)

3{a2 - 3 g- 1 + y a 2

The ratios of the semi-axes now become

b =_]_y Jl_ 2___ 0.9998116 + 0.0000129a = l+y -
(122)

c 1 2/_ _ 2y = 0.9993720 + 0.0000010 (123)
l+y - (1-/)(l+y) -

These data seem, at present, to be the most reasonable. H. Jeffreys' value

3 C
0.5956 +-- 0.0010

g -- 2 Ma2-

is slightly low, and affords a higher density concentration towards the center as has been as-

sumed by Jeffreys.

13. THE FINAL DETERMINATION OF THE DIMENSIONS,

MASSES AND MOMENTS OF INERTIA FOR THE EARTH

AND THE MOON

Using the obtained value of the gravitational acceleration, ge, at the equator (eq. 86) in the

relations (eq. 80) and (eq. 82) at the end of Section 7 there follows at once R e = _¢/Xlio/g_=

6378 169.835 m and Po = 5.516964 g/cm 3. The final values, adopted for the Earth, will be
taken as

R e + 6378170 (1 +-3.2 x 10-6) m = 6378170 ± 20m (124)

M® = _ = V o p®= 5.9761x 10 27 (1 +-7.2 x 10 -4 ) g =(5.9761-+0.0043)× 1027g

(127)

and the polar radius now becomes

R =R (1-/_=6356788(1-+3.7×10-6)m =6356788-+24 m (128)
p •

34

while the mass is given by

and

p® = 5.5170 (1 + 7.3 x 10"4)g/crn s = 5.5170 +- 0.0040 g Zero 3 (125)

The volume of the Earth is

4 3 1027
V. = -_ rr Re (1- /)= i.083 225 × (l+-l.02×10-S) cm s

= (1.083225 + 0.000011) × 1027 cm 3 (126)



The unit for the moments of inertia is

M® R2a= 2.43114x 104S (l ± 7.3 x10-4 )g cm2= (2.43114 + 0.0018) xl04Sg cm2 (129)

and therefore

C-A = ]2 x Me R2e= 2.6313 x 1042 (1 -+ 9.1 x 10-4)g cm 2 = (2.6313 ±0.0024)x 1042gcm 2

(130)

2
C=_q x M® /?2° = 8.0415 x 1044(1 _ 1.07 x 10-3)g cm 2 = (8.0415 ±0.0086) x 1044g cm 2

(131)

It is now possible to give corresponding data for the Moon. The mass is given by

M, = KM® = 7.3552x 102s (1 -+1.02x 10 -3 )g=(7.3552 +--0.0075) x 102s g (132)

while the mean visible radius is

R, = kR, = 1738236(1+-1.0x 10-4)= 1738236 +- 174 m (133)

and therefore the semi-axes of the three-axial Moon are

a - R, _ 1738946 t186m (134)
O

b =a (_--) = 1738618 ±209m (135)

c =a (c_ = 1737854 ± 188m (136)

The unit for the Moon's moments of inertia is

M, a2 = 2.22416 x 1042 (1 ±1.23x 10 -3 )g cm2 =(2.22416

and thus the moments of inertia are

+ 0.0027) x I042g cm 2
(137)

A = 0.884942 x 1042 (1 J- 1:73 x 10 -3) gcm 2= (0.884942 +-0.00153 )x 1042g em 2 (138)

B = 0.885 109 x 1042 (1 :t. 1.73 x 10-3) g cm 2 = (0.885109 ± 0.00153) x 1042 gcm 2 (139)

C= 0.88549s x 1042 (1 ± 1.73 x 10-3)g cm 2 = (0.88549s+-0.00153)x 1042'g=m 2 (140)

C A + B _ (0.000473 -+ 0.000007) x 10 42 gcm 2 (141)
2

B - A = (0.000 167 _+0.000012) x 10 42 g cm 2 (142)

The oblateness coefficients of the potential function of the Moon are

]2 C-(A + B)/2 2= M, a 2 = 3- ] = 0.0002125 ± 0.0000029 (143)
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B-A 1

.(j2 2) = 4 M, a2 6--
K _ 0o000 0188 _ 0#000 0013 (144)

The derived value for the equatorial radius of the Earth (eq. 124) is in good agreement with

the following values:

Author Year Ref. R
e

W.M. Kaula 1961 55 6378163+ 2Im

V. C. Clarke, Jr. 1962 56 !378 165 ± 25I. Fischer 1962 57 378 166

Present Report 1962 378 170 + 20

I. Fisher's value for 1/K = M o /M, = 81.268 is also in good agreement with the value in this

report. The presented system of constants is not only a consistent one, but the most serious

discrepancy has been removed in determining the gravitational parameter /_ from terrestrial

data and, on the other hand, from the lunar mean motion in combination with radar measurements

of the Moon's distance.

Finally, the present data for the Moon's moments of inertia are compared with the values of

other authors in the following table:

Author

B. E. Kalensher

Makemson, Baker, Westrom

V. C. Clarke, Jr.

Present Report

Ref.

m_ _

58

13

56

0.87976

0.88837

0.88746

0.88494

0.87985

0.88856

0.88764

0.88511

C C-(A+ B)/2

l#Skg._ l#_&m 2

0.88032 0.00051

0.88893 0.00047
0.888011 0.00046

0.88550 0.00047

B-A

1038. 2_g,m

0.00009

0.00019

0.00018

0.00017

The values of V. C. Clarke, Jr. are used for the Ranger Program.

14. THE EARTH ELLIPSOID

The equation of the rotational ellipsoid or spheroid is

where

36

x 2 +y2 z 2

x = R cos¢ cosX = Rscos ¢ cosX = p. cos¢ cosX

y = R cos &\sin )t = R.cos 9b sin X = p. cos¢ sin t

z = R sin _ = R sin _b = p.(1-e 2) sine
P

(145)

(146)

(147)

(148)



and Reis the equatorial Earth radius, Rpthe polar Earth radius, R the local Earth radius, p, the

normal radius of curvature, )t the geographic longitude (positive eastward of Greenwich), _ the

geocentric latitude, _b the reduced latitude, _ the geodetic or geographic (= astronomical) lati-

tude, and e the first eccermicity of the meridian ellipse. Introducing the second eccentricity,

E, and the flattening (oblateness, ellipticity), /, the following relations hold

[_ Ro-R__= l-x/1-e -_ = 1 1 i e2 1 e 4 1.1.3.5...(2K- 3) 2r+...
Ro X/1+_2 = 2 + § +'''+ 2.4.6.8 .... (2K)

(149)

e2= R2" - R"2- = - 2
R2e i+_2 - /(2- D = 2/- /2 (150)

R 2 - R2 e2 /(2- t9 +...
_2= "R_ -" - I-e -r- (1-/)r = 2/+ 3/2+...+ (K+ 1)/K (151)

thus

R_= 1- [ =_ - 1 (152)
n. Vq-77 z

The different latitude angles are related by

tan 4' = X/1 - er- tan 0 = (i - e 2) tan_ °

tan _= (1-/) tan %b = (I-D u tan _o

By differentiation the relation

(153)

(154)

R 2

R-- a_ = R. a_ =p a_o (155)

follows.

Thus the line element is

ds 2= dx 2+ dy 2 + dz 2= dr 2+ r 2 d c_ 2 2 2 2 2 o c°s 2 _ dX2+ r cos _bd)t 2= Ro(1- e cos 2_)d0 2+ R2
(156)

The parameter p is the mean radius of curvature, and is correlated with the normal radius of

curvature

R, R_ /R _ cos_o_ (157)
P. - (1 - e 2 sin2 _o) *A - (1 + E2cos 2 _o) 'A = R cos _o =

[ I 3 e4 sin4 _0 + _-6 e6sin6 _0 +"'1= Ro l+_-e2sin2_0 +§

and to the meridional radius of curvature
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R (1 - e 2) R2p/R e R_ �Rio

Pm= (1- e2 sin2_o)a/2 - (1 -e2 sire _o)3/2 - (1 +e2cos2 _o ) a/2

3 2 15 35 e 6 sin6 _o +...] (158)=R_(1-e u) l+_e sin2_ ° +-_-e4sin4_°+ _-_

by the relation

P= ,/p,,,p,, R,, R_ /R _ = Rp [ 1 + e 2 sin 2 ¢+ e 4 sin 4 _o + e6sin 6 _o+...]
i - e 2 sin s _o - 1 + _2 cos 2 _o (159)

The radius of a parallel of latitude is p, cos _0 = R, cos ¢ = R cos gS. Because [ or e 2 are small

quantities the latitudes ¢,¢, and _o will not differ very much from each other. Therefore it is

very useful to have rapidly converging series developments available for the differences ¢ -_0

and ¢-_0. With

R_- 2 l_(l_e 2) e 2 1 [2_ 1 [4
m = R2 + R_ - i + (1 - e 2) = 2"---'_e = [ + 2- _- +..- (160)

e p

there is

m 2 m 3

= _o _m sin 2 _+ -_- sin 4_ o- _ sin6_O _:... (161)

m 2 m 3

_o = _ +m sin 2 ¢+ -_- sin 4_ + -_ sin 6¢+,,.
(162)

and with

Ro - Rp 1 - (1 - f) / 1 1 fu (163)
n Ro+Rp - I+_-'f f)- 2-f- 2 /+?4 +""

there is

n 2 _3

= _O_n sin 2 ¢+ -_-sin 4 _ - -_ sin6 _o__+""
(164)

n2 n3
¢ =¢ +nsin2¢+ _sin4¢+ -_- sin6 +... (165)

An accurate formula for the difference _o _ ¢ is given by

e 2 tan _o e2sin _o cos _o

tan ( ¢ - ¢) = 1 + (1 - e 2) tan2 q = 1 - e2 sins q_ (166)

The local Earth radius (radius vector) can be accurately calculated from the relations

_l-e 2(2-e2)sin_ 0'Rp = R,_/1 - e2sin2¢ = R. 2sinU _0
R =X/x 2 +y2+ z 2 = X/1 - e2c°s2¢ ' 1 - e

e/T.__ 1 + m 2 + 2m cos 2_o= R 1-4m (l+rh)-2sin2¢ _ 1 +n R, n2
4n(1 +n)-2---_o l+m 1 + + 2ncos 2_o

(i67)
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By taking tbe logarithm of tbe last relation there follows

In --=R In i + n
Ro l+m

1 1
-- +_- ln(1 +m2+ 2m cos 2_°)- _ln(l+n2 + 2n cos 2_° )

or, using a known series development,

R 1+ n [ m2-n2 m3--n3 '1
= + 34 (m--n) coS29 Cos 4_° + -- cos69 (168)

log _- log 1 + m 2 3 _:'"

where 34 is the module(M = 0.4342944819). This series is due to Encke.

Conventional power series for R/R e can be obtained as follows:

R (1+ 2sin2_5).l/2=1_ 1 2sin2_+ 3 E4sin4__ 1__6sin6 _±...e-_= _ -g
(169)

The above-mentioned power series for the local Earth radius can also be written

R -i _(1 ¢2_
R, \2 -8e E6 sin2_- _4_ _-_¢ sin2 2 5 _Ssin 2,ksin2 2_ +...

(170)

or

= i -/sin 2 ck - /2+ 2- { _ sin 2 2 _ +Re
+,,, (i71)

using eq. (151).

In order to obtain power series for the Iocal Earth radius as a function of the geodetic lati-
tude, _0 , it is useful to set

4m e2 2) k "- 4n
k=(l+--_T_m)= (2-e ; (1+ n) _ [ (2-/')= e2 ; k//e'=2-e2 (172)

the non-dlmensional local Earth radius is now

R = 1_ 1 1R"-e _ (k - k') sin 2 ¢ - --8 (k2+ 2kl_'- 3/_ ,2 ) sin4 9- k3+ k 2/_ "+ 3kk 'u- 5/_ "3) .sir_ _o....

(173)

or

R _- 1- _1 e2[( 2_e2)_ 1]sin2_O- 81 e4[(2_e2)-2+2(2_e2)_3]sin4qo

1 e6 [(2 - e2) 3 + (2 - e2) 2 + 3 (2 -- e 2) - 5] sin 6 q .... (174)
16

Because
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e2=2 [-/2 ; 2-e2 =2-2/+/2

there is, also,

R 1- (l- 5 2/3)sin: 5 i2

= 1 _/sin: _0 +(@/: 1 3) _3- _-/ sin: 2qo ÷ [3sin:

1 2+ 5 /3=i- 2/+_f _-

13 asin_ _o ....4_o -T/

sin2 2 _a +...

+ / - _/ 2 -- [a+ __/ cos4(P + _/3c° s 6q_+,,"

(i75)

It is also important to know the arc corresponding to l°inlongitude, namely

rr rr R e cos _P
v = 18---6-p" cos _ - 180 (1-e 2 sin 2_° )-_m

1 e2 sin = 3 e4 sin 4 )= ___E__ R, cos _o 1+ T _o +-_ _ +,,,.180

(1 1 3 )+ g eS+ 8-T e4 c°s_°

and the arc corresponding to 1° in latitude, namely

_(82+ 9 41-TS--e ) cos 3
3 e4

_o + _ cos 5 _'q:,,,

(176)

ff

/* = IT_ Pm 3 '2 15_r Rv(1 -eS) _r Ro(l_e2) I+_- eSsm _p+--_-e4sin4_a180 (1 --e2sinS¢ )a/: - 180
-F IQ6

R2 [ I ( ) ]rr 3 e2 45 e4 3 e2 +__e 4 15 e4= _ T_e + _- + _ - _ cos 2_a + 6-4 cos 4 _o g_,,, (177)

The length of a meridian quadrant is given by

_12 Re(1 - eS) d _o= Re (l - e --(1 -- eSz2)_/(l -- z2)(1 - eZz 2')Om= 2- Pm (1- easin2_O )a/2

) . o= R e (1 --e 2) _ -- eS, e =R e (1--e 2 1+ e2sinS_o + easin4_ o + _-_e6sin

jo

[.32454 1756 ]= rr2 Ro (I --e 2) 1+ _e + _-_-e + 2_-e +...

rr R (1-- 1 e=- 3 "I- 5 e 6 )=T " T T£ e _ ....

rr 1 I 2 1 a +,,,)= IRe (1- _-/ + ig / + 72- / (178)
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The volume of the Earth spheroid is simply given by

4 R2 4 R 3 (i [)
V = 3-. oRp= _. , -- (179)

while the surface area follows from

fv ' ,JS=4rrReR p i+elz 2 dz=27rR e l+e 2 +- sinh-1
ff

0

=2.R 1+ 1+ ,Vl+:- .-

= 2nR2 e i+ 1- 6,2+ -_-d-e 112 e 1- _ + -fie -i-_e +'"

= 4nR 2# 1- ge + i_e - _-_-e ..... 4rrRo 1- $/+ [2+ T-_[ +...

These formulas will now be used to derive the Earth's dimensions and other Earth parameters.

Taking R e= 6378 170 -+ 20 m and 1/[ = 298.30 + 0.05 yields

e2= 0.006693 422 , e = 0.081 813 334

e2 = 0.006738525 , _ = 0.082088 522

m = 0.003357 949 = 6922"627

n = 0.001678979 = 3462"314

The mean radius is

_- _ 2Re+ R v _6371043 + 21m (181)
3

The radius for the geodetic latitude 9 = sin-l_/1/3 = 35 ° 15" 51:" 8 (_ -- 35 ° 4" 59:" 5) is

R 1 =R e I 3-e 2 _ _ + [2+ ._[ +.. =6.371083±21 m (182)

The radius for the geocentric latitude ¢ = sin-ix/1/3 = 35 ° 15" 512"8 (_o = 35 ° 26"45:'5)is

? e 2 ' _1 1 12 7 3 ,1R2 = Ro 3-2e2 = R - -_ [ - -_ / --_-/ .... 6371019 ±21 m
(183)

The radius for a sphere of equal area is

( 1 {2_ 1 /s 11 )Rs= (S/4 rr)t/u= R e 1 - _ 4-_ +9-_ [ + .... 6371041 ± 21 m (184)

while the radius for a sphere of equal volume is

i i 2Rv= (3V/4n)I/3= R, (I-/)1/3=R e I- _-/ - _-/
5 /3 .... ) =6371035 +2Im

(185)
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Thesurfacearea is

s = 4_,R 2, 1 - -5/+ f_+ 1--63-f

while the volume is given by

4 R 3 _ m
V= _-n _ (1 -/) = (1.083 225 + O.O00011) x 102I 3 (187)

The radius of curvature at the pole is

2

pp = R_ /R v = R,/(1 -/)= 6399624 +_ 24 m (188)

while the meridional radius of curvature at the equator is given by

pine= Rv2,/Ro = R0(1 -/)2 = Ro(1 -e 2)=6335478 +- 27 m (189)

"lhe length of an equatorial quadrant is

_7

Qo = _- R.= 10018806 _+31m (190)

while the length of a meridionaI quadrant is

rr ( i I 2 I 3Qm= -T R 1 --_ / +1-_/ +-_ / +...)=i0002020±34 m (191)

Therefore the arc corresponding to 1° in longitude is at the equator

v_ =O,/90 - n R,= 111 320.07 !0.35 m (192)
180

while the arc corresponding to i ° in latitude is at the equator

- -- R (I - /)2 = 110 574.95 + 0.47 m (193)
= 18--'0 P_.o - 180_e

at the pole

+...) = (5.100711 +_0.000034) x I014m2(186)

rr rr Ro/(1- [) = 111694.51 +--0.41 m (194)
/iv-- 180 PP- 180

and in the average

= rr (1- _[ + _-_ + -_--f +,,,) = Ii1133.56 +0.38 m_ Q,./90 : _ R o 1 1 [2 1 3

(195)

Finally, a few series developments are given for the Earth radius, for the various definitions of

latitude, and for the radii of curvature:

42



= _o - 692:" 627 sin 2 _o + 1:'163 sin4 q _,,*

= _b + 692:" 627 sin 2 _b + 1:" 163 sin 4 q_ +,,,

and

_b = _o - 346:'314 sin 2_o+ 0:'291 sin 4 _o_,,,

_o = _ + 346."314 sin 2_+0['291sin4 _b+,,,

(196)

(197)

furthermore

R

log -_, = 9.99927266 + 0.00072917 cos 2 _0 _ 0.00000184 cos 4 _o +,,.

and

R
-e-- = 1 - 0.00336 9263 sin 2 _ + 0.00001 7628 sin 4 _ - 0.00000 0096 sln 6 _ +-""
t_ e

(198)

= 1 - 0.00335 2330 sin 2 __ 0.000004233 sin 2 2_S + 0.000000024 sin 2 4 sin 2 2 _ +.,,

= 0.998321724 + 0.001676162 cos 2_b + 0.000002111 cos 4 _ + 0.000000003 cos 6q_ +,,.

(199)

or

R = 6378 170.0 - 21489.7 sin 2 q_ + 108.6 sin 4 _S - 0.6 sin 6 _ ±"'

= 6378 I70.0- 21381.7 sin 2 _S- 27.0 sin u 2_6 + 0.2 sin 2 _b sin 2 2 _ +,,,

= 6367465.7 + 10690.8 cos 2 q + 13.5 cos 4 _o + 0.02 cos 6_+,-, (2oo)

and

R 1 0.00332 4310 sin 2 _o 0.00002 7777 sin 4 _ 0.00000 0241 sin 6 _o

R e

= 1 - 0.003352330 sin i _o _ 0.000007004 sin u 25 + 0.000000060 sin 2 _ sin225 +...

= 0.99832 0349 + 0.00167 6156 cos 2 _o + 0.000003487 cos 4 _o + 0.000000008 cos 6 _o +.,,

(201)

Or

R =6378170.0 -21203.0 sin 2 _o - 177.2 sin 4 _o -1.5sin6_ ....

=6378170.0-21381.7 sin 2 _o - 44.7 sin 2 2 _o + 0.4sin 2 _o sin 2 2 _o +..,

=6367456.9+ 10690.8 cos 2_o + 22.2 cos 4 _o +0.0s cos 6 _o +... (202)
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and

_____= Pm = l + 0.01004 0132 sin 2 _ +O.O00084004sin 4

_, P=,

= 1.00505 1568 - 0.00506 2068 cos 2 _ + 0.00001 0500 cos 4 @ W... (203)

or

2 4

# = 110574.95+ 1110.I9 sin _+ 9.29 sin _ +...

= 111 133.53- 559.74 cos 2_ + 1.16 cos 4 _ ¥,,, (204)

v P- cos
v o R e

or

and

= 1.00083 8785 costa - 0.00083 9841 cos 3 ¢0 + 0.00000 1059 cos 5 _o

u= 111 413.44 cos _ -93.49cos 3q + 0.I2 cos 5_ (206)

-_P = I + 0.003346711 sin a q + 0.000016801 sin 4 _o + 0.000000094 sin 6 _o +,,,
R e

or

PN

1 + 0.00336 3605 sin 2 _ sm 2= _0 - 0.000004224 sin 2 2 _o - 0.000000023 sin = . 2

= 1.001679685-0.001681800cos 2_ + 0.000002118 cos 4_0 - 0.000000003cos 6

(207)

=6378170.0+21345.gsin 2_° + 107.2 sin4q + 0.6 sin 6q +,,,

=6378170.0+ 21453.6 sin = _o _ 26.9sin 2 2 _ - 0.1 s sin 2 _ sin 22 _ +,,,

=6388883.3- 10726.8 cos 2 q + 13.5 cos4 _ .... (208)

t

44



REFERENCES

1. C.W. Alien: Astrophysical Quantities. 263pp., The Athlone Press, University of London,

1955.

2.

.

G. W. Pettengii1, H. W. Briscoe, J. V. Evans, E. Gehrels, G. M. Hyde, L. G. Kraft, R.

Price, and W. B. Smith: A Radar Investigation o[ Venus. The Astronomical Journal, vol. 67,

no. 4, pp. 181-190, May 1962.

D. O. Muhleman, D. B. Holdridge, and N. Block: The Astronomical Unit Determined by Ra-

dar Reflections [rom Venus. The Astronomical JournaI, vol. 67, no. 4, pp. 191 -203, May

1962.

4. K.D. Froome: Precision Determination of the Velocity of Electromagnetic Waves. Nature,

vol. 181, no. 4604, p. 258, 25 Jan. 1958.

5.

.

7.

8.

9.

10.

Simon Newcomb: Tables of the Motion of the Earth on Its Axis and Around the Sun. Astro-

nomical Papers prepared for the use of the American Ephemeris and Nautical Almanac,

vol. vi, part 1, 1895.

H. Spencer Jones: The Rotation o/ the Earth, and the Secular Accelerations of the Sun,

Moon and Planets. Monthly Notices, Royal Astron. Soc., vol. 99, no. 7, pp. 541- 558, 1939.

G. M. Clemence: On the System o/ Astronomical Constants. The Astronomical Journal,

vol. 53, no. 6, pp. 169-179, May 1948.

E. W. Brown: Tables of the Motion of the Moon. Yale University Press, New Haven, 1919.

Proces Verbaux des S_ances du Comitk International des Poids et Mesures, deuxleme Serte,

tome 25, p. 77, 1957.

W. deSitter and Dirk Brouwer: On the System of Astronomical Constants. BJalletin of the

Astronomical Institutes of the Netherlands, vol. VIII, no. 307, pp. 213-231, 8 J,aly 1938.

11. Harol,i Jeffreys: The Earth. Its Origins, History and Physical Constitution. Cambridge

University Press, Fourth Edition, 1959.

12. S. Herrick, R.M.L. Baker, Jr. and C. G. ttilton: Gravitational and Related Constants [or

Accurate Space Navigation. American Rocket Society Paper 497-57, October 1957.

13.

14.

M. W. Makemson, R.M.L. Baker, Jr. and G. B. Westrom: Analysis and Standardization o[

Astrodynamic Constants. Univ. of California, Los Angeles. Astrodynamical Report no. I2,

February 1961. Journal of the Astronautical Sciences, voI. VIII, no. 1, Spring 1961; AAS

Prepring 61-27, January 1961.

Simon Newcomb: The Elements o/ the Four Inner Planets and the Fundamental Constants

of Astronomy. Washington, D.C., 1895 (Supplement to The American Ephemeris and Nautical

Almanac for 1897).

45



RE FER ENC ES (Continued)

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Eugene Rabe: Derivation of Fundamental Astronomical Constants from Observations of

Eros During I926-I945. The Astronomical Journal, vol. 55, no. 1184, pp. 112-126, 1950.

Additional Note or, the Solar Parallax from Eros. The Astronomical Journal, vol. 59, pp.
409-411, 1954.

Julius Bauschinger: Enzykl. d. Math. Wiss. 6 II, no. 17, 1919. (The value is given in Ref.

45, p. 51).

It. Battermann: Ver6ffentl. d. Sternw. Koenigsberg/Pr. (The value is given in Ref. 45,

p. 51)

Dirk Brouwer and O. B. Watts: Unpublished. (The value is given in Ref. 45, p. 52).

David Gill: Determination of the Solar Parallax and the Mass o/the Moon from Heliometer

Observations of Iris, Victoria and Sappho Made in the Years I888 and I890. Ann. Cape

Observatory, vol. 6, 1896, and vol. 7, 1897.

A. R. tlinks: Solar Parallax. Monthly notices, Royal Astronomical Soc., vol. 70, no. 9,

p. 588, 1909.

H. Spencer Jones: The Solar Parallax and the Mass of the Moon from Observations of Eros
at the Opposition of 193I. Mem. Royal Astr. Soc., vol. 66, pt. 2, 56pp., London, 1941.

H. R. Morgan and F. P. Scott: Observations of the Sun 1900-I937 Compared with Newcomb" s
Tables. The Astronomical Journal, vol. 47, p. 193, I939.

Harold Jeffreys: On the Lunar Equation. Monthly Notices of the Royal Astronomical Soc.

(London), vol. 102, no. 4, pp. 194-204, 1942.

Erwin Delano: The Lunar Equation from Observations of Eros 1930-31. The Astronomical

Journal, vol. 55, pp. 129-132, 1950.

Simon Newcomb: Researches on the Motion of the Moon, Part IL Astr. Paper. Amer. Eph.,

vol. IX, p. 39, I912.

The American Ephemeris and Nautical Almanac for the Year 1962, U.S. Government Printing

Office, Washington, D.C., 1960. Explanatory Supplement to the Astronomical Ephemeris and
the American Ephemeris and Nautical Almanac, London, i961.

H. ttlrose and R. Manabe: Motion and Figure of the Moon. Transactions I.A.U., vol. 9,

p. 265, 1955.

George H. Darwin: The Theory of the Figure of the Earth, Carried to the Second Order of
Small Quantities. Monthly Notices Roy. Astron. Soc., vol. 60, pp. 82-124, 1899.

F. R. Helmert: Die mathematischen und physikalischen Theorien der Hoheren Geodasie.

I. D{e mathemat[schen Theorien. Leipzig, 1880. II. Die pbysikalischen Theorien. Leipzig,
1884.

46



REFERENCES (Continued)

30. E. C. Bullard: The Figure o[ the Earth. Monthly Notices Roy. Astron. Soc., Geophys.

Suppl., vol. 5, no. 6, 1948.

31. W. deSitter: On the Flattening and the Constitution o[ the Earth. Bulletin of the Astrono-

mical Institutes of the Netherlands, vol. II, no. 55, pp. 97-108, 14 May 1924.

32.

33.

F. R. Helmert: Neue Formeln [fir den Verlau[ der Schwerkra[t im Meeresniveau beim Fest-

land. Sitz-Ber. d. Kgl. Preuss. Akad. d. Wiss, vol. 41, pp. 676-68, Berlin 1915.

A. Berroth: Die Erdgestalt und die Haupttragheitsmomente A und B im Aquator aus Messun-

gender Schwerkra[t. Gerl. Beitr. Geophys., vol. 14, pp. 215-257, Leipzig, 1915-I918.

34. W. A. Heiskanen: Untersuchungen i_ber Schwerkra[t und lsostasie. Publ. Finn. Geod.

Inst., no. 4, Helsinki, 1924.

35. W.A. Heiskanen: Ist die Erde ein dreiachsiges Ellipsoid? Gerlands Beitr. Geophys., vol.

19, pp. 356-377, Leipzig, 1928, Astr. Nachr., vol. 234, no. 5562, Kiel, 1928.

36. W. A. Heiskanen: Investigations on the Gravity Formula. Ann. Acad. Scient. Fennicae,

series A, vol. 51, no. 8, Helsinki, 1938.

37. N. F. Shuravlev: Die Bestimmung der Abplattung des Erdellipsoides aus gravimetrischen

Messungen (in Russian with English Abstract) Publ. Astro. Inst. Sternberg, voI. 14, pt. 2,

Moscow, 1940.

38. Erkki Niskanen: Gravity Formulas Derived by the Aid o[ the Level Land Stations. Publ.

Isos. Inst. IAG (Helsinki), no. 16, 1945; Ann. Acad. Scient. Fennicae, series A, no. III,

10, pp. 1-16, Helsinki, 1945.

39. Harold Jeffreys: The Figures of the Earth and Moon (Third Paper). Monthly Notices of the

Roy. Astr. Soc., Geophys. Suppl, vol. 5, no. 7, pp. 219-247, July 1948.

40. H. Schlatte: Die Bestimmung der Abplattung der Erde aus der Scbv.ereverteilung nach denn

Schwereverzeichnis von N. F. Shuravlev. Gerl. Beitr. Geophys., vol. 62, pp. 9-26, Leipsig,

1950.

41. U. A. Uotila: Determination o[ the Shape o[ the Geoid. Symposium: Size and Shape of the

Earth, held at the Ohio State University, Columbus, Ohio, Nov. 13-15, 1956. Publ. no. 7,

Inst. of Geodesy, Photogrammetry and Cartography, I957.

42. W. A. Heiskanen; Achievements o[ the World-wide Gravity Program of the Mapping and

Charting Research Laboratory o/ the Ohio State University. Report to the Toronto General

Assembly of the IUGG in 1957.

43[ F. Khhnen und Ph. Furtwangler: Bestimmung der absoluten Gr3sse der Schwerkra/t zu

Potsdam mit Reversionspendeln. Ver_ff. d. Preuss. Geod. Inst. N.E. 27, 1906.

44. W. A. Heiskanen and F. A. Vening Meinesz: The Earth and Its Gravity Field. x + 470 pp.,

McGraw-Hill Book Co., New York, 1958 (p. 75).

47



RE FER ENC ES (Continued)

45. Landolt-BSrnstein: Zahlenwerte und Funktionen aus Physik, Chemie, Astronomie, Geo-

physik und Technik. Vol. III, pp. 43-52 (A. Kopff: Astrometrische Konstanten) and pp.

256-270 (K. Jung: Schwerkraft und Erdfigur), Springer-Verlag, Berlin, 1952.

46. H. Andoyer: Les formules de la pr_cession aprbs S. Newcomb. Bulletin Astronomique

(Paris), vol. 28, p. 67-76, 1911.

47. H. R. Morgan: Systematic Corrections to the Albany General Catalogue. The Astron. Jour.,

vol. 54, no. 1, pp. 1-9, Sept. 1948, Corrections to the Fundamental Catalogs. The Astron.

Jour., vol. 54, no. 6, pp. 145-150, June 1949

48. Landolt-BSrnstein: Zahlenwerte und Funktionen. (Ref. 45} p. 52.)

49.

50. .

J. H. Oort: The Constants of Precession of Galactic Rotation. Bulletin of the Astron.

Institutes of the Netherlands, vol. 9, p. 424 - 427, 1943.

R. R. Radau: Sur la loi des densit[_es _ l'int_rieur de la Terre. Comptes Rendus Acad.

Sci. (Paris), vol. I00, pp. 972-974, 1885; Bulletin Astronomique 2, p. 157, I885.

51. O. Callandreau: Sur le d_veloppement en sdrie du potential. J. Polytech.,)889; Ann.de

l'Observ, de Paris 19E, 1889.

52. ttarold Jefffeys: On the Figures o/ the Earth and Moon. Monthly Notices of the.Roy.

Astr. Soc., vol. 97, no. 1, pp. 3-15, Nov. 1936 or Geophys. Suppl., vol. 4, no. 1, pp. 1-13,

Jan. 1937.

53. tIarold Jeffreys: The Moon's Libration in Longitude. Monthly Notices of the Roy. Astr.

Soc., vol. 117, no. 5, pp. 475-477, 1957.

54- tIarold Jeffreys-" On the Figure of the Moon. Monthly Notices Roy. Astr. Soc., vol. 122,

pp. 421-432, 1961.

55. W. M. Kaula:

Astro geode tic,

June 1961.

A Geoid and World Geodetic System Based on a Combination of Gravimetric,

and Satellite Data. Jour. Geophys. Res., vol. 66, no. 6, pp. 1799-1811,

56. Victor C. Clarke Jr.: Constants and Related Data Used in Trajectory Calculations at the

Jet Propulsion Laboratory. Jet Propulsion Laboratory, Technical Report No. 32-273, 14 pp.,

1 May 1962.

57. Irene Fischer: Parallax of the Moon in Terms o/a World Geodetic System. The Astrono-

mical Jour., voI. 67, no. 6, pp. 373-378, Aug. 1962.

58. B.E. Kaiensher: Selenographic Coordinates. Jet Propulsion Laboratory, Technical Report

No. 32-41, 31 pp., 24 February 1961.

q

48



APPROVAL

ON A CONSISTENT SYSTEM OF ASTRODYNAMIC CONSTANTS

By

Helmut G.L. Krause

The information in this report has been reviewed for security classification. Review of any
information concerning Department of Defense or Atomic Energy Commission programs has been

made by the MSFC Security Classification Officer. This report, in its entirety, has been deter-
mined to be tmclas sified.

, I"

Chief, Advanced Flight Systems Branch

W. A. MRAZEK

Director, Propulsion & Vehicle Engineering Division

49



M-DIR

Dr. yon Braun

M-DEP-R&D

Dr. Rees

M-CP-DIR

Mr. Maus

M-ttME-P

Dr. Rudolph

M-AERO-DIR

Dr. Geissler

Dr. Hoelker

M-AERO-TS

Dr. Heybey

Dr. Sperling

M-AERO-PS

Mr, Braunlich

Mr. Vaughn

Mr. Schmidt

M-AERO-A

Mr. Dahm

M-AERO-D

Mr. Horn

Mr. Baker

Mr. Hart

Mr. Callaway

Mr. Redus

Mr, Thomae

M-AERO-F

Dr. Speer

Mr. Kurtz

M-A ERO-G

Mr. Dalton

M-AERO-P

Mr. Miner

Mr. Braud

Mr. Dearman

Mr. Lisle

Mr. Schmieder

Mr. Sehwaniger

Mr. Silber

Mr. Winch

Mr. Davidson

M-AERO-S

Mr. de Fries

M-ASTR-DIR

Dr. Haeussermann

5O

DISTRIBUTION

M-ASTR-TSS

Mr. Kroh

M-ASTR-A

Mr. Digesu

M-ASTR-I

Dr. Decher

M-ASTR-M

Mr. Boehm

Mr. Pfaff

M-ASTR-F

Mr. Hosenthien

M-COMP-DIR

Dr. Hoelzer

Mr. Bradshaw

M-COMP-TS

Dr. Fehlberg

Dr. Arenstorf

M-FPO

Mr, Koelle

Mr. Williams

Mr. Ruppe

Mr. Gradecak

M-L&M-DIR

M-MS-t1

M-MS-I

M-MS-IP

M-MS-IPL (8)

M-ME-DIR

M-PAT

M-P&VE-DIR

Dr. Mrazek

Mr. Weidner

Mr. Hellebrand

M-P&VE-V

Mr. Palaoro

M-P&VE-M

Dr. Lucas

M-P&VE-F

Mr. Goerner

Mr. Darker

Mr. Swanson

Dr. Krause (100)

Mr. Burns (5)

M-P&VE-FN

Mr. Jordan

Mr. Heyer

M-tlME-P



DISTRIBUTION(Continued)
r

M-P&VE-FN, Continued

Mr. Nixon

Mr. Saxton

Mr. Harris

Mr. Manning
Mr. Whiton

Mr. Patton

M-P&VE-FF

Mr. Galzerano

Mr. Fellenz

Mr. Russell

Mr. Akridge

Mr. Perry

Mr. Stafford

Mr. Thomson

Mr. Cohen

Mr. Kromis

Mr. Croft

Mr. Messer

Mr. Valentine

Mr. Wheeler

M-P&VE-FS

Mr. Pedigo

Mr. Neighbors

Mr. Laue

Mr. Schwartz

Mr. Orillion

Mr. Johns

M-P&VE-P

Mr. Paul

Mr. Swalley

M-P&VE-S

Mr. Kroll

Dr. Glaser

M-P&VE-E

Mr. Schulz

M-QUAL-DIR

Mr. Grau

M-RP-DIR

Dr. Stuhlinger

Mr. Heller

M-RP-N

Dr. Shelton

M-RP

Dr. Schocken

Mr. Naumann

Mr. Snoddy

Mr. Prescott

M-SA T-DIR

Dr. Lange

M-TEST-DIR

Mr. Heimburg

Headquarters

National Aeronautics and Space Administration

Washington 25, D.C.

Dr. J. Shea, Dep. Dir.,

Manned Space Flight Office

Office of Scientific and Technical Information

National Aeronautics and Space Administration

Washington 25, D.C.

Acquisitions & Dissemination Branch(AFSS-AD)

Ames Research Center

National Aeronautics and Space Administration

Moffett Field, California

Library

Dr. Eggers

Goddard Space Flight Center

National Aeronautics and Space Administration

Greenbelt, Maryland

Library

Dr J. A. O'Keefe

Dr

Dr

Dr

Dr

Dr

Dr

j. w. siry

w. M. Kaula

.W.D. Kahn

H. G. Hertz

R. W. Bryant

P. Musen

Langley Research Center

National Aeronautics and Space Administration

Langley Field, Va.

Library

Dr. J. C. Houbolt

Launch Operations Center

National Aeronautics and Space Administration

Cape Canaveral, Florida

Dr. K. Debus (2)

Dr. A. Knothe

Dr. Bruns

51



DISTRIBUTION(Continued)

LewisResearch Center

National Aeronautics and Space Administration

2100 Brookpark Road

Cleveland 35, Ohio

Library

Dr. S. Himmel

Dr. W. E. Moeckel

Manned Spacecraft Center

National Aeronautics and Space Administration

Houston, Texas

Library

Mr. Faget

Jet Propulsion Laboratory

California Institute of Technology

4800 Oak Grove Drive

Pasadena, California

Library

Mr. V. Clark

Air Force Cambridge Research Center

L. G. Hanscom Field

Bedford, Massachusetts

Library

Mr. O. W. Williams

U. S. Naval Observatory

Washington 25, D.C.

Library

Dr. G. M. Clemence, Dir.

Yale Observatory

Box 2023, Yale Station

New Haven, Connecticut

Library

Dr. Dirk Brouwer, Dir.

Smithsonian Astrophysical Observatory

Cambridge 38, Massachusetts

Library

Dr. Fred L. Whipple, Dir.

Dr. Y. Kozai

Dr. I. G. Izsak

Dr. George Veis

University of California,

Los Angeles, California

Library

Dr. S. Herrick

Dept. of Astronomy

University of Cincinnati Observatory

Cincinnati, Ohio

Library

Dr. P. Herget

Dr. E. K. Rabe

Lockheed Aircraft Corp.

Burbank, California

Library

Dr. R. M. L. Baker

Lockheed Aircraft Corp.

Missile and Space Division

Sunnyvale, California

Library

Dr. J. V. Breakwell

Dr. A. F. Michielson

Mr. W. B. Schramm

North American Aviation

Space and Information Systems Division

Downey, California

Library

Dr. Laidlow

Martin Company

Space Systems Division, J-325

Baltimore 3, Maryland

Library

Dr. George E. Townsend (3)

General Dynamics/Astronautics

San Diego, California

Library

Mr. F. Dore

Dr. Krafft A. Ehricke

Space Technology Laboratory, Inc.

Redondo Beach, California

Library

Dr. P. Dergarabedian

Dr. A. B. Michelwait

g

52



DISTRIBUTION(Continued)

BoeingScientificResearchLaboratories
Seattle24,Washington

Library
Dr.AngeloMiele

Chance Vought Corp.

Astronautics Division

Dallas 22, Texas

Library

Mr. Clarke, President

Douglas Aircraft Co.

Missile and Space Systems Division

3000 Ocean Park Boulevard

Santa Monica, California

Library

General Electric Co.

Space Sciences Lab.

3750 D Street

Philadelphia 24, Pa.

Library

Dr. V. G. Szebeheiy

Aerospace Corp.

El Segundo, California

Library

Dr. E. Levin

Republic Aviation Corp.

Farmingdale, L.I., New York

Library

Mr. Samuel Pines

Dr. Mary Payne

Rand Corp.

Santa Monica, California

Library

Dr. Buchheim

Ballistic Research Laboratories

Aberdeen Proving Ground, Maryland

Library

Dr. Boris Garfinkel

National Bureau of Standards

Washington, D.C.

Library

Dr. John P. Vinti

Armed Services Tech. Information Agency (ASTIA)

Arlington Hall Station

Arlington 12, Virginia

Library

Scientific Information Center

Army Missile Command

Redstone Arsenal, Huntsville, Alabama

Library (5)

Scientific and Technical Information Facility (2)

Attn: NASA Representative (S-AK/RKT)
P. O. Box 5700

Bethesda, Maryland

53




